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Abstract

This paper considers the use of the anisotropic total variation seminorm to recover a two
dimensional vector z € CV*¥ from its partial Fourier coefficients, sampled along Cartesian
lines. We prove that if (zx,; — Tr—1,;)k,; has at most s1 nonzero coefficients in each column
and (Zkj; — Zk,j—1)k,; has at most sz nonzero coefficients in each row, then, up to multi-
plication by log factors, one can exactly recover x by sampling along s1 horizontal lines of
its Fourier coefficients and along ss vertical lines of its Fourier coefficients. Finally, unlike
standard compressed sensing estimates, the log factors involved are dependent on the sep-
aration distance between the nonzero entries in each row/column of the gradient of z and
not on N2, the ambient dimension of x.

1 Introduction

Research into compressed sensing has resulted in several examples in which one can recover an
s-sparse vector of length N from O (slog N) randomly chosen linear measurements. One of
the first examples of this, by Candes, Romberg and Tao, is the recovery of a gradient sparse
vector from samples of its Fourier transform by means of solving a total variation regularization
problem. This is perhaps one of the most well known and influential results in compressed sensing
because of its links with applications, in particular, this result motivated the use of total variation
regularization to reduce the sampling cardinality in many imaging applications, such as Electron
Microscopy [9], Magnetic Resonance Imaging (MRI) [11], Optical Deflectometric Tomography
[7], Phase-Contrast Tomography [6] and Radio Interferometry [16]. However, while studies into
uniformly random sampling provide some insight into how total variation regularization can allow
one to subsample the Fourier transform, there are two further aspects that one should consider.

1. Dense sampling at low frequencies and sparsity structure. It was observed in
[11, 10] that one can obtain far superior results via variable density sampling where one samples
more densely at low frequencies. This effect is demonstrated in Figure 1, where we compare
the reconstruction of the boat test image from 12.3% of its Fourier coefficients via different
sampling maps. On the theoretical side, one particular type of variable density sampling was
first studied by Krahmer and Ward in [8] and later in [13]. The analysis of [13] showed that
compared with sampling uniformly at random, one of the advantages offered by sampling more
densely at low frequencies is improved robustness to inexact sparsity and noise. However, an
important reason for the effectiveness of sampling densely at low frequencies is that although the
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sampling cardinality of O (slog N) is optimal for the recovery of s-sparse vectors, one can further
reduce this sampling cardinality by placing a structure assumption on the vector to be recovered.
This observation was made by Candeés and Fernandez-Granda [3] in the context of recovering
a superposition of diracs in super-resolution, and in the case of total variation regularization of
one dimensional signals, by exploiting the results of [3] and [14], the following result was proved
in [13]:

Theorem 1.1. Let N € N, let € € [0,1] and let M € N be such that N/4 > M > 10. Let A be
the discrete Fourier transform on CN (defined in Section 1.3).

o Letx € CN and A C {1,...,N} be of cardinality s and suppose that

min ‘k_j|>3
kjeAk# N — M’

o Let O = {0} U where ' C {—M,...,M} consist of m indices chosen uniformly at

random with v v
m 2 max {log2 () , s+ log (f) -log () } .
€ € €

Then with probability exceeding 1 — €, given y = PoAx + 1 and ||n||, < 0 - /m, any solution

& to
m(icrzlv llz||py subject to ||PoAz —yly < 5-+v/m (1.1)
zE

satisfies

o —€ll, o N?

Wz S W'@'SJF\/E' | PacDzl|;) -
If m =2M + 1, then the error bound holds with probability 1.

So, if € CV is s-gradient sparse with a minimum separation of 2 /s. Then, x can be exactly
recovered from 2s + 1 Fourier coefficients. However, random sampling guarantees recovery only
with O (slog N) samples. Thus, one can further reduce the number of samples required by
choosing the samples in accordance to the underlying sparsity structure.

2. The need to understand more realistic sampling patterns. Sampling in applications
such as MRI is constrained to sampling along smooth trajectories, such as radial lines, spirals
or Cartesian lines [10, 15]; on the other hand, the majority of results in compressed sensing
describe only the effects of pointwise sampling. To our knowledge, the only theoretical result in
this direction is by Boyer et al. in [2] where they consider the use of wavelet regularization while
sampling along horizontal (or vertical) Cartesian lines in the Fourier domain.

1.1 This paper’s contribution

The purpose of this paper is to present a two dimensional version of Theorem 1.1, where we
consider how one can efficiently sample the Fourier transform along Cartesian lines by taking into
account the sparsity structure in the gradient of the underlying vector. The Cartesian sampling
pattern studied in this paper is one of the sampling patterns which has been empirically studied
in the application of compressed sensing to MRI [10, 15]. Thus, the result of this paper provides
further justification and insight into the use of compressed sensing in MRI. The main result of
this paper is presented and discussed in Section 3 and its proof is presented in Section 4.
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Figure 1: The top row shows three different sampling maps, covering 12.3% of the Fourier
coefficients. Note that the zeroth Fourier frequency corresponds to the centre of each map. The
bottom row shows the corresponding reconstructions.

1.2 Related works — wavelet regularization

The link between success of dense sampling at low frequencies and the correspondence between
such sampling patterns and the underlying sparsity structure has previously been investigated
in the context of (orthogonal) wavelet regularization with Fourier sampling by Adcock et al.
[1]. In the context of wavelet regularization, the relevant sparsity structure is the sparsity of
the underlying wavelet coefficients within each wavelet scale and the results of [1] provide a link
between the distribution of the Fourier samples and the wavelet sparsity at each scale, while the
result of [12] demonstrate that one can recover the first N wavelet coefficients of the lowest scales
from O (N) Fourier coefficients of the lowest frequencies by ¢! wavelet regularization. Thus, the
notion that ¢! regularization can allow for sampling rates without the log factor is relevant in
greater generality.

In [2], Boyer et al. investigated this structure dependency in the case of wavelet regularization
with Cartesian line sampling in the Fourier domain. In particular, they proved that one can
guarantee stable error bounds provided that the number of horizontal lines within each block
of Fourier coefficients is proportional, up to log factors, with the sparsity in each column of the
wavelet transform within the corresponding wavelet scale.

1.3 Notation

Let N € N, and let [N] = {—[N/2] +1,...,|N/2]}. Let A:CN — C¥ be the discrete Fourier
transform with

N
Az = Z zje” 2miki/N , z= (zj)év:l e CV.
J=1 ke[N]

Let D : CN — C¥ be the finite differences operator defined for each z € CV as Dz = (z; —
zj—1)}., where zp := zy. Given any A C Z and m € N, Q ~ Unif(A, m) means that € consists
of m elements of A drawn uniformly at random (without replacement).



Given any z € CV, and any operator V : CN — CV, V2 is a column vector whenever z is a
column vector and a row vector whenever z is a row vector.

Given any z € CNV*N et zlobil = (2 ))1en) € CV denote the j*™ column of z and let
zlrow: k] — (2k,5)jen) € CV denote the k™ row of z.

Let A: CN*N — CNXN with

N N
AZ = Z Z Zkhk2€_27ri(k1"1+k2n2)/N
n1,ma€[N]

k1=1ko=1
and let Dy : CNXN — CVXN and Dy : CVXN — CVXN | with
~ N ~ N
Diz = (2, — 2h-1,4)g j=1» D22 = (2hj — 2hj-1)) j=1 -

- ~ ~ ~ ~ 2 ~ ~ ~ -
Lot D2 = (01, Da2), [D], =[], + [ [, = 1], + ]

Given any Q C Z x Z, let Po : CNXN — CVNXN with

2
)
2

Zj j S Q,

Poz =y, yj:{o e

Let ||-||;, denote the anisotropic total variation norm with
e[ B v
and given Ay, Ay C {1,.. .,N}27 let
||Z||TV,A1,A2 = HpAIDLZHl + HPA2D2ZH1’ Vz € CNXN,

Given a,b € R, we write a < b if there exists some constant C' > 0 (independent of all

~

variables under consideration) such that a < C - b.

2 Key concepts

In Theorem 1.1, the sparsity structure considered is the separation between the discontinuities
of the underlying signal. When considering the recovery of some vector x € CV*¥ by sampling
along Cartesian lines of its Fourier transform, our main result will demonstrate how one should
subsample depends on the sparsity and the minimum separation distance within each column of
Dyz and each row of Dox. We first present three definitions that our main result will depend
on.

Definition 2.1 (Sparsity). Let A C {1,...,N}. The column cardinality of A is
N .
s1= maf(|{k (k,j) € A}
=

The row cardinality of A is
N . .
sz = max |{j: (k,j) € A}.



Definition 2.2 (Minimum separation distance). Let N € N and let A C {1,.. .,N}z. The
minimum separation distance of its rows is defined to be

N ) —
(8. ) = s { L G, (k) € 8,5

and minimum separation distance of its columns is defined to be

N ik _ .
Vcol(A,N)—mirllmm I t(n,g), (n k) e Aj#k .

Definition 2.3. We say that x has Ty distinct column supports if

Ty = |{(zrj)ney 1 j=1,...,N}

and say that x has Ty distinct row supports if

)

Ty = [{(zrj)ioy i k=1,...,N}|.

3 Main theorem

Let z € CVN*N and let A, Ay € {1,...,N}>. Suppose that Pa,sgn(Diz) has Ty distinct
column supports with a minimum separation of 2/M; along its columns, and Pa,sgn(Doz) has
T5 distinct supports with a minimum separation of 2/Ms along its rows. Suppose that A; has
column cardinality s; and Ay has row cardinality s;. Assume also that for i = 1,2,

s;log(T;s;/€) > log(T; M; [€).
Theorem 3.1. Let e € (0,1) and let @ = {0} U{Qy x [N]}U{[N] x Q2} and let m = ||, where
Oy ~ Unif([M;y], mq), my 2 s1log(Tys1/€)log(Ty My /),

and
QQ ~ Umf([Mg], m2)7 mo z S92 IOg(TQSQ/E) IOg(TQMQ/E).

Let &€ = Pox +n with ||n||, < 8- +/m, and suppose that & is a minimizer of

i bject to || Padz —¢| <5 vim. 3.1
Ze{gz{rIlN”ZHTV subject to || PoAz 52_ vm (3.1)

Then, with probability exceeding 1 — €,

. . N? _
|B6 =8|, = 5 ((moN) =725 + [y 5,00 ) (3.2)
0

and N2 o
Iz =2l S 37z ((m/m)! V58 + Vsl o) (3.3)

where s = max {s1,82}, mg = min{my,ma}, and My = min{My, Ms}. If @ = [Mi] and
Oy = [My], then (3.2) and (3.3) hold with probability one.
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Figure 2: In (a), the test image (500x500) can be perfectly recovered from 1.2% of its Fourier
coefficients, indexed by the Cartesian lines passing through the low frequencies. In (b), the
reconstruction obtained from sampling 1.2% of the Fourier coefficients uniformly at random is
shown.

3.1 Remarks on the main result

Removal of the log N factor: Suppose that 2 € CN*V is such that the support of Dlcllz
consists of M lines which have a minimum separation of 1/M; and the support of Dlrovly: consists
of M lines which have a minimum separation of 1/Ms. Then, one can perfectly recover = from
sampling the Fourier transform of = along O (M) horizontal lines and O (Ms) vertical lines. On
the other hand, in this case, the sparsity is (M; + M>)N and one is guaranteed exact recovery
from sampling uniformly at random when one observes O ((M; + M2)N log N) samples. Figure
2 illustrates this effect by showing the recovery of an image from 1.2% of its Fourier coefficients.
The test image can be perfect reconstructed from sampling the low frequency Cartesian lines,
on the other hand, sampling 1.2 % of the Fourier coefficients uniformly at random yields a poor
reconstruction. Note that this image can in fact be recovered from 3% of its Fourier coefficients
drawn uniformly at random, it is simply that one can sample less by considering the sparsity
structure of the test image.

The importance of structure dependency: Note that from Theorem 3.1, the range that
one should sample from is dependent on the minimum separation between the discontinuities in
the corresponding direction, and the number of samples that one should draw is up to log factors
dependent on the maximum sparsity in each row or each column of the corresponding direction.
It is important to consider this structure dependency when devising a sampling scheme — see
Figure 3.

4 Proof

As is now standard in compressed sensing, the proof of Theorem 3.1 consists of showing the
existence of some dual certificate [5, 4]. Following the arguments in [13], one can show that given
x € CNXN with supp(Dlx) Aq and supp(Dgx) = Ay, x is the unique solution of (3.1) if 0 € €,
and the following two conditions hold:

(i) Fori = 1,2, there exists some dual certificate p;, € ran(A* Pq) such that | p;|| ., and Pa,p; =
sgn(D;x),

(ii) PoAPa, is injective for i = 1, 2.
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Figure 3: This figure shows two sampling maps and their corresponding reconstructions
(256%256). Both sampling maps cover 5.4% of the Fourier coefficients. The sampling map
(a) is constructed by sampling along 12 lines uniformly at random in the horizontal direction
and along the 2 lowest frequency lines in the vertical direction. The sampling map (b) is ob-
tained in the same manner, but sampled in the opposite orientations with 12 random lines in
the vertical direction and 2 of the lowest frequency lines in the horizontal direction.

However, instead of directly showing the existence of one dual certificate defined on CVN*V | we

will exploit the fact that we are given Fourier samples along Cartesian lines and apply Proposition
4.2 to show that it suffices to prove the existence a sequence of one dimensional certificates defined
on CV,

Lemma 4.1. Let N € N, Q C [N] and let z € CN*N. Then,
NS feol ]| U . frowe 4|
e R L e e Lt

Proof. We first note that

N
—omikini /N | —2mikona/N
(A2) )y = g <§ Ziy e 2RI ) mikana/

ki=1

(AZ[Col,kg])n16727rik:2n2/N _ (Aﬂ[nl])ngv

Il
MZ H

I

=1

where glm) = ((Azlcolv’f])m)kN:l. Then, by using this identity, we have that

H.ISQX[N]AZHEZ Z Z ‘ Yy s Z Z ’ ﬁ["l

n1€Q ny€[N] n1€Q ny€[N]

2
ol T o] LU o o] EE NI INS
n1 €N k=1n1€Q

2
-3 o

where we have applied in the second line the fact that N~1/2A is unitary. Finally, by a symmetric



argument,

. _o2 N 2
[Fpnde| = ' [tz
2 —~ 2

O

Proposition 4.2 (Dual certificates). Let z € CN*N . Let Ay, Ay € {1,...,N}>. Let Q1,Q, C
[N] and let m; = |Q1] and me = |Qa]. Let

Q={Q x [N]}U{[N] x Qa2}.
Let m = |Q|. Let £ = Pox +n with ||n||, < 0 - /m, and suppose that & is a minimizer of

L Juin | 2]l 7y, subject to

PQAngH <6 vm. (4.2)
2
Forn=1,2, let Apj = {k: (k,j) € Ay} C{1,...,N} and let s, = max}_, |A,, ;|. Assume that
the following conditions hold.

(i) For each j € {1,...,N},

my'/? inf | Po, Az|l, > ¢1 > 0.
supp(a)=Aa .|z, =1

(i) For each j € {1,...,N},
—1/2

m inf Po, Ax||, > ¢4 > 0.
> supp(e)=Aa,llzll,=1 1P, Azl

(1ii) For each j € {1,...,N}, there exists p; = m;1/2A*Pgle € CN such that

N
Pay 05 = Paysen(Dia) PR o <e<t Y fwyll, < L%

Jj=

(iv) For each j € {1,..., N}, there exists T; = mgl/zA*szuj € CN such that
N
Pp, ,mi = PAQJ.sgn(Dgzr)[COI‘]]7 HPA‘MTJ-HOO <ecy <1, Z llusll, < L2
j=1

Then,
HD(x ~3)

|, SC1 8- +Co olryaye anes
and
o= ll, £ Cs 0+ \[ 2+ Ca V5 ey,
where s = max {s1, $2}, mo = min {my, ma},
C1 = (moN)"V2m 21+ L) A + e7 (1 — eo) 7Y, Cy=(1+eH(A —ep) L,

and C3 = ;' (1+ L(1 — co) "' N~1/2),



Proof of Proposition 4.2. First, suppose that z € CV*¥ is such that HPQlX[N] fleQ < /mé. By

applying assumption (i) and Lemma 4.1,

& ’ 1|17 > 112

= I ol BNV S wirsl R U
Jj=1 j=1

~ - 2 B ~ ) o )

= om0 sy < ) ([P, + [ o)

)

T e P e, = 1
(m1N) jrgzx Po, xn1Ae; , 1

2

< (myN)™! (ﬁd—i—jr{é%}i HISQlX[N]AejquPAJ‘Iz

Note that

It thus follows that

__Vmd +HPAL13‘1' (4.3)

pAZ’
H Y2 T e /Nmy c1

Similarly, it follows from assumption (ii) that for any z € CN*V with HP[N]XQQ fle < /méd,
2

DL
mo Hpﬁzz

| < e+

27 civVNmMo C1

HﬁAQZ ‘1 . (4.4)

Let h = & — x, and observe that since & and z both satisfy the constraint of (4.2),

HPQIX[N];ULHQ = HPQIX[N]AJE B EHz + HPQIX[N];MC B EH2 < 2/mé.
Note also that
(A.Dlh)k,j = (1 — G_Zﬂik/N)(Ah)k’j, (Abgh)k’j = (1 — (:’_QTrij/N)(/ih)k,j.

Therefore, ’ﬁ’glx[N]AﬁthQ < 2HPQ><[N]A}LH2 < 46y/m. Similarly, “P[N]XQQADQh“2 < 46+/m.
So, we can apply the bounds (4.3) and (4.4) to obtain

Ayms 424,010

IA

|22 But

i

civINmy ~Lcl~ (4.5)
4(|Px. Dsh
o ol dvms 4| PaDan
o < o PP
27 c1vV/Nmo c1

We now proceed to derive upper bounds for Hpi-lDth and HPKZ Dth : By Holder’s in-
1 1
equality and the triangle inequality,

|21, = [PasPrte 4] + [ P& Bt +

> HPAlﬁlel + Re (Pa, D1h,sgn(Dyz)) + HPAleth1 — HPAllf)lel.



Rearranging the terms yields
s ], <[], ], s 2] Do
Similarly,

|PauPat| < [P

L HDgxul + ZHPLDQle + ‘<PA2D2h,Sgn(D2$)>’ .
Now, since & is a minimizer of (4.2),
|21, +[[Bo2], < [Bra], + 2]
1 1 1 1
So,
1 F 1A
e R L)

- ~ R ~ (4.6)
< 2l gy,a5.85 + | (Pas Dikssgn(Dia)) | + | (Pa, Dahsen(Daa))|

We now proceed to bound ‘<PA1D1h, sgn(Dlx»’. Let y = Dyz and let z = Dih. By using the

existence of p; = ml_l/zA*Pgle € CN for j = 1,...,N (from assumption (iii)), we have the
following bound.

N
‘(PAlz,sgn(y»‘ = Z<PA1JZ[COI,J']’Sgn(y>[col,j]>
j=1

I
WE

(Pa, 21 sgn ()l — pj) + (2108, pj) — (P, 2] pj)
1

.
Il

WE

N
~1/2 ; 4
(m; / PQIAZ[COLJ]) wj)| + Z HPALLJ_z[col,J] H1 HPKLJ p; HOO
j=1

<.
Il
—_

IN

N N
— . 2 ~
ZmlalﬂlAz[COI’]]Hz Z||wj||§+C2HPAle
j=1

j=1

’
1

where we have applied the Cauchy-Schwarz inequality to obtain the last line. Recall from Lemma
4.1 that

N
S | P, A = ()2 B

j=1
- (77111\7)*1/2"1391X[N]ADhH2 < 4(myN)~V2m V2,
Hence it follows that

‘<PA1D1h, sgn(Dlx»‘ < AL(myN)"Y2mb/25 4,

PAﬂDth .
1
A similar argument also yields

(P, Do, sgn(Dyw) | < AL(ma )~ 2m /25 + o | P, Do

10



By plugging these two estimates back into (4.6) and rearranging, we have that
HI:’AlllN)JLHl + HPAiDzhH
< (1= o)™t (ALNT2m 2 2 g )6 4+ gy g ) -

Combining this estimate with (4.5) yields the required bound on HD(i’ — a:)”2

To derive the bound on ||& — ||, first let 2 = Dy (# — ). Note that by the Cauchy-Schwarz
inequality,

HPAlz

N N

_ HpAl ol H < A HpAl oot H
> , Y > : )
j=1 =1

By applying condition (i),

z ’ is upper bounded by
1

Z HPQlAPAl ]Z[Col,j] H < Cl\\//ii Z (HPQ A leol]

1 [col, 7] H
. = HPglAP 2 )

VSN ZHPQ Azleoldl||?

N
N .
- a ax ||Po, A ZHPL j [COLJ]H
< Clr max 1m. X H Q1 6l||2j:1 ALJZ 1

1]1l€A
j=1

N ~ s
‘Ple[N]AZHZ + V51

<

HL
‘PAlz

N !
c1y/m1 B Cl\/i

By a symmetric argument,

‘ _4&/\;&’ V52

Therefore, by combining with the bound from (4.7),

Vom Ve :
=04 {1+ ) (1-e) Hellzy.a, e ane

HPAQZ

ClPse],

& = zllpy SC

where s = max {s1, 52}, mp = min {my, my}, and C = ¢; (14 L(1 — c2) "' N~/2). Finally, recall
that due to the Poincaré inequality, any zero mean image X € CV*V satisfies

X1l < X7y - (4.8)

Since 0 € Q, |>2;(z — 2) ‘ < 26y/m, so, by letting X; = (& — z); — ﬁzj(:c — &); for each
jedl,..., N} , (4.8) and the triangle inequality yields

& = xlly, <5+ & = zllpy,

and hence, the conclusion follows.

11



Proof of Theorem 3.1. To prove this theorem, we simply need to show that conditions (i) to (iv)
of Proposition 4.2 hold with high probability. Note that these conditions were studied in [13]:
we recall from Lemmas 4.25 of [13] that given any A C {1,..., N} with a minimum separation
distance of 1/M, if Q@ C [M] consists m indices chosen uniformly at random with

m 2 max {log? (M/e), |A| log(|A| /e) log(M/e)}
then the following hold with probability exceeding 1 — e.

1. For all x € CV,

m~'/2||PoAPaz||, > | Pazl|y,

3
2V5
2. There exists p = m~ /2 A* Pow with |Jw|| < v/]A] such that

Pap=ao,  ||Phol. <3
where A2
0.92 -1
(M) := max {0.99993, 1-— (]\72)} .

Furthermore, these two conditions hold with probability 1 if Q = [M;].

Therefore, by applying the above fact 77 times and applying the union bound, conditions (i)
and (iii) of Proposition 4.2 (with c; ' = 2v/5/3, c2 = ¢(M;) and L < /51 ) hold with probability
exceeding 1 — Tye provided that € is chosen uniformly at random with

O C [My], 1] Z max {log?(M, /€), 51 log(s1/€) log(M /e) } , (4.9)

and they hold with probability 1 if Q1 = [M;]. Similarly, conditions (ii) and (iv) of Proposition
4.2 (with ¢;' = 2v/5/3, ea = ¢(M>) and L < /33 ) hold with probability exceeding 1 — The if Q2
is chosen uniformly at random with

Qo C [My], |Q2] 2 max {logQ(Mg/e), s1log(sa/€)log(Ma/e)} (4.10)

and they hold with probability 1 if Qs = [Ms]. So, by applying the union bound once more,
conditions (i) to (iv) with ¢; ' = 2v/5/3, ¢ = max {¢(M;),c(M>)} and L < max {,/51, /52 } are
satisfied with probability exceeding 1 — The — The provided that €2 and )5 are chosen uniformly
at random such that (4.9) and (4.10) hold. O

5 Conclusion

In this paper, we have derived recovery guarantees for total variation regularized solutions when
given partial measurements of the Fourier transform taken along Cartesian lines. In particular,
we established a link between the sparsity structure and the sampling pattern by proving that the
number of Cartesian lines required for accurate recovery is dependent not only on the gradient
sparsity of the underlying vector, but also on the separation distance between the discontinuities.
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