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One of the momentous results of modern sampling theory is the Shannon-Nyquist Sampling Theorem,
which enabled bandlimited or compactly supported signals to be fully described via discrete measure-
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Abstract

We consider the problem of generalized sampling, in which one seeks to obtain reconstructions in
arbitrary finite dimensional spaces from a finite number of samples taken with respect to an arbitrary
orthonormal basis. Typical approaches to this problem consider solutions obtained via the consistent
reconstruction technique or as solutions of an overcomplete linear systems. However, the consistent
reconstruction technique is known to be non-convergent and ill-conditioned in important cases, such
as the recovery of wavelet coefficients from Fourier samples, and whilst the latter approach presents
solutions which are convergent and well-conditioned when the system is sufficiently overcomplete,
the solution becomes inconsistent with the original measurements.

In this paper, we consider generalized sampling via a non-linear minimization problem and prove
that the minimizers present solutions which are convergent, stable and consistent with the original
measurements. We also provide analysis in the case of recovering wavelets coefficients from Fourier
samples. We show that for compactly supported wavelets of sufficient smoothness, there is a linear
relationship between the number of wavelet coefficients which can be accurately recovered and the
number of Fourier samples available.
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Introduction

ments. Formally, by defining the Fourier transform of f € L'(R) as

Flw) = /R Fe“tdt, weR

and the sinc-function as sinc(z) = sin(z)/z, the theorem can be stated as follows:

Let g € L*(R) be such that supp(g) C [T, T) for some T > 0 and consider also its Fourier transform

f=gq. Ifegﬁ, then

1) = X famhepsine (2T

€
keZ

with L? and L™ convergence and

g(t) =€ Z f(2mke)e?mickt

kEZ

with L? convergence. The quantity % is often referred to as the Nyquist criterion.
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A direct computational consequence of this is that the functions f and g as described in the theorem
may be approximated by the finite collection of measurements {f(27ke) : |k| < N} as follows

fn(t) =Y f(2rke)sinc <t+2”k€> P

Ik[<N 2
TiE L?
gn(t) =€ Z f(zﬂk‘f)@Q ekt gN — g-
|[kI<N

However, in many cases, such approximations are not used because the bases generated by the sinc-
function or complex exponentials are considered inappropriate representation systems for the underlying
signals [30]. In fact, many images and signals can be better represented in terms of a different basis (e.g.
splines or wavelets) than the basis in which they are sampled (e.g. the Fourier basis). Consequently,
there is much interest in generalising the Shannon-Nyquist Sampling Theorem to recover the coefficients
of a signal or image in a particular basis from samples taken with respect to another basis [30].

Thus, in this paper, we will be concerned with the following problem: For some Hilbert space H with
inner product (-, -), suppose we are given two orthonormal sets {s; : j € N} and {w; : j € N} such that the
sampling space S = span{s; : j € N} and the reconstruction space W = span {w; : j € N} satisfy W C S.
Then for an unknown f € H, we will seek to obtain an approximation R(f) to f in the reconstruction
space Wy = span{w; : j =1,..., N} from the finite set of measurements {(f,s;):j =1,...,M}. This
problem of obtaining reconstructions in arbitrary spaces W from measurements taken with respect to
arbitrary sampling vectors {s; : j € N} is often referred to as generalized sampling.

1.1 Existing approaches to generalized sampling

The notion of generalized sampling dates back to the work of Aldroubi and Unser [31, 30], in which the
framework of consistent sampling was introduced. This framework was later extended by Eldar et al
[15, 16, 17]. Given samples fy = {{f,s5) :j=1,...,N}, the goal was to find Ry(f) € Wy which is
consistent with the original measurements, i.e.

<I%1\/(f),8j>:<f,8j>7 jzl,,N

Equivalently, by letting U = ((wg, ;) .oy and letting Py denote the orthogonal projection onto

ke
span{e; : j = 1,..., N} where {e;},_y denotes the standard canonical basis for 2(N), R(f) = Z;Vd Bijw;j
where 8 = (8;)}L, is such that PxjUPn 3 = fn.

Although this technique has been shown to be successful for certain shift invariant spaces [8, 35, 34],
there are a number of problems preventing the use of this technique for arbitrary sampling and recon-
struction spaces [6, 22]. Firstly, there is no guarantee of a well defined reconstruction since PinU P
is note necessarily invertible. Furthermore, even when P|njU Py is invertible, the resultant reconstruc-
tion need not converge and may become ill-conditioned, thus this scheme may become computationally
intractable for large problem sizes. A notable example of this is in the recovery of wavelet coefficients
from Fourier samples, in which the condition number of the matrix PnjUPy) becomes exponentially
large as N increases [6, 2].

There have been a number of attempts to resolve the non-convergence and ill-conditionedness of
consistent sampling. One notable contribution is the idea that the problem of ill-conditioning can be
resolved by solving an overdetermined linear problem. Given the samples fM of f, by letting the size
of the reconstruction space vary from M, the reconstruction is now taken to be R(f) = Z;\;l Bijw;,

where 3 is the least squares solution to PjUP N8 = fM. Equivalently, we find a reconstruction
Rar(f) € Wiy which is consistent with f on the reduced subspace Qs,,(Wn), where Qs,, denotes the
orthogonal projection from H onto Sy;.

This idea was initially employed in [27] by Pruessmann et al for the purpose of recovering in voxel
coefficients from Fourier samples in the case of magnetic resonance imaging (MRI) and in [23] by Hrycak
and Grochenig where they show that one can stably recover N polynomial coefficients from O (N 2)
Fourier samples. This technique was later generalized to arbitrary spaces through a reduced consistency
framework by Adcock and Hansen [6, 5, 7]. Although the property of consistency with the original samples
is not preserved, by applying ideas from [20], the work of Adcock and Hansen demonstrates that one



is always able to construct a convergent and well-conditioned linear scheme for arbitrary reconstruction
and sampling spaces if the number of samples is appropriately chosen with respect to the size of the
reconstruction space. This scaling between the number of samples and the size of the reconstruction
space is known as the stable sampling rate and can be formally defined with respect to some condition
number and some rate of convergence. Furthermore, an understanding of this stable sampling rate is
crucial to successful implementation of this reduced consistency framework. See [1] for further details.

1.2 Main results and overview

In this paper, we will propose an alternative framework for the problem of generalized sampling which
offers solutions which are both convergent and consistent with the original samples. In particular, for
some underlying f = Z;’il zjwj, given samples far = ((f, sj>)jjvi1, we will let Ry (f) = ZjEN B][M]wj
where X

BMI ¢ argmin |||, subject to PoanUn = fu (1.1)

and show that ||,8 [M] _ xH s — 0as M — oo. We will also show that this reconstruction is stable in that
for f =~ g, we have that Ry (f) = Ras(g). This will be made precise in Section 2. The main contribution
of this paper is the mathematical analysis on the error bounds of this non-linear scheme in the context
of recovering wavelet coefficients from Fourier samples. We prove that for compactly supported wavelet
bases of sufficiently smoothness, the number of wavelet coefficients which are accurately recovered scales
linearly with the number of Fourier samples. Furthermore, the scheme perfectly recovers any function
represented by its first N wavelet coefficients from O (N) Fourier samples. This result echoes that of [2],
in which it was shown that reduced consistency sampling presents a linear correspondence between the
number of wavelet coefficients that one can accurately approximate and the number of Fourier samples
available. However, whilst the reduced consistency framework requires an a-priori decision on the size
of the reconstruction space with respect to the number of available samples, such a consideration is not
required when solving (1.1). Finally, we remark that although sparsity is not considered in this paper,
the analysis here offers some insight into the recovery of sparse signals for continuous problems. We will
discuss this in Section 3. The proofs of our results are presented in Sections 4 and 5.

1.3 Magnetic resonance imaging and related works

There is great interest in solving generalized sampling in the context of recovering wavelet coeflicients
from Fourier samples because of the connection to MRI. Mathematically, MRI can be modelled as the
recovery of a function (the image) from a collection of pointwise samples of its Fourier transform. The
classical approach in MRI is to approximate f by a direct application of the Shannon-Nyquist Sampling
Theorem. However, this approach has a number of drawbacks, including slow convergence and artefacts
at edges due to the Gibbs phenomenon. On the other hand, the development of powerful wavelet methods
for image processing [32, 33] has lead to substantial research in recovering wavelet coefficients directly
[18, 26]. Hence, solutions to generalized sampling in this context should be of great relevance, as it
recovers the wavelet coefficients via post-processing without modifying the acquisition process.

In fact, the non-linear approach proposed in this paper has already been applied to the problem of
wavelet reconstructions from Fourier samples in MRI by Guerquin-Kern et al [19]. Numerical evidence
and theoretical analysis of fast algorithms therein demonstrate that such an approach is a practical
solution to the MRI problem. Although there is theoretical work on how to compute the reconstructions
in [19], we are unaware of any analysis on the convergence to the true image. Hence, our theory can be
seen as initial justification for the use of the non-linear scheme proposed in [19] for MRI.

Finally, we remark that via generalized sampling, we analyse the number of wavelet coefficients that
can be recovered by finitely many consecutive Fourier samples. A similar question was explored in the
development of finite rates of innovation (FRI) [36, 14] and super resolution [9], under it was shown that
N Diracs can be perfectly recovered from C'N consecutive Fourier samples for some constant C' (the
theory under FRI gives C' = 2). Thus, the linear relationship between sufficiently smooth wavelets and
Fourier samples in our main result can be seen as a parallel to these types of results.



1.4 Notation

Let H be a separable Hilbert space with inner product (-,-), norm ||| and let B(#) denote the set of
bounded linear operators on H. Suppose that

S=s5pan{s;:jeN}, W =span{w;:jeN}

are closed subspaces of { where {s; }j e and {w; }j cn are orthonormal sets. Furthermore, we will assume
that W C S. We also define the finite dimensional spaces

Sy =span{s;:j=1,..., M}

and
Wy =spanf{w; : j=1,...,N}.
Given any subspace Y C H, let the operator )y denote the orthogonal projection onto ).
We recall here some notation relating to ¢2(N). Let {e; }j cn denote the standard canonical basis in
(%(N), and let [M] := {1,...,M}. Given any x = (x;) € (*(N), sgn(z) is the vector whose j* element
is x;/ |z;| if x; # 0 and zero otherwise. Given any 2 C N, let P, denote the orthogonal projection

onto span{e; : j € Q}. Finally, we often refer to the measurement matrix generated by W and S as the
infinite dimensional matrix U = (u;;)i jen, with entries u;; = (w;, s;) for ¢,j € N.

2 A stable and consistent scheme

Suppose we seek to reconstruct f € W such that f =} . xjw;. Letting z = (;);en, the measurements
can be written as fy = Py Uz. Consider the following non-linear problem

12?2 In]ler subject to PanUn = PanUx (2.1)
n

where U is as defined in Section 1.4. Any solution to this problem will naturally be consistent with
the original measurements fy;. It remains to ascertain whether the solution is convergent to f as M
increases.

When considering generalized sampling as a linear reconstruction problem (as considered by consistent
sampling and reduced consistency sampling), it was natural to use the ||-||,» to establish error and stability
estimates. However, in solving (2.1), we will instead consider convergence and stability using ||-||,.. We
now define stability (see also, [4]).

Definition 2.1. Let Q, A be finite subsets of N, U € B(H). If &€ € H, supp(§) = A is the unique
minimizer of
inf {[|n]l, : PoUn = PoUE},

and for any § > 0 and ¢ € H such that || —£[|,x < 6, we have that any solution x to
inf {||7][, : PaUn = PoUC},

satisfies
[ =&l <C-6

for some constant C, then {U,Q, A} is said to be £* stable at £&. Moreover, if this holds for all £ € H,
then {U,Q, A} is said to be globally ¢* stable.

For p € [1,00), it is natural to define (e.g. see [29]) the ¢P absolute condition number of a mapping
F: ¢?(N) — (P(N) as

|FG+a)-F(),

kp(F) = sup lim  sup - (2.2)
’ fewr 0t gerr 191lev
0<[gllp <e



So, if we consider Definition 2.1 and define a mapping G : £}(N) — ¢1(N) such that for £ € Pa(¢*(N)),
G(¢) € argmin {[[¢[|,1 : PoUn = PoUE},
then ¢! stability at & for which G(&) = £ implies that

1G(&) = GE+ D)l
171ll g1

<C

for all n € I*(N). Thus, the requirement of ¢! stability is simply the requirement that 1 (G) exists and
so Definition 2.1 is related to the standard notion of an absolute condition number.

We remark that well-conditionedness here relates to that of solving an ¢! minimization problem, rather
than the well-conditionedness of the reconstruction Ras(f) from M samples {(f,s;):j=1,...,M}.
In particular, this stability does not encapsulate robustness to noisy measurements, since consistent
reconstructions are only desirable in the absence of noise. We will show that our nonlinear scheme is
stable in the sense of Definition 2.1 and consequently, for any f € W, [|[Ra(f) — flly — 0 as N — oo.

2.1 Computability of (2.1)

The optimization problem (2.1) is infinite-dimensional, and in practice, one would instead solve the
following finite dimensional problem:

inf [[n]l; subject to PgUn = PagUx (2.3)
neCk

for some suitable & € N and for sufficiently large k, minimizers of (2.3) will approximate minimizers of
(2.1). Indeed, it is proved in [4, Proposition 7.4] that given any & > 0, there exists K € N such that for
all k > K, we have that ||, — (ll,n < € where &, and (j, satisfy the following:

1€kl = niengk [n[ler subject to PnUPyn = PanUsz,

1Skl = neiquN) [l subject to PanUn = PanUs.

2.2 Main Results

Our first result concerns the stability and convergence of solutions to (2.1). We show that given M
samples, there always exists some NN such that the solution is an accurate reconstruction of the true
signal up to its first IV reconstruction coefficients. Thus, although the rate of convergence will depend
on the scaling between N and M, the scheme (2.1) will always yield convergent solutions.

Theorem 2.2. Let U, W, S be defined as in Section 1.4. Let x € (*(N). For each N € N, there exists
mo € N, such that for all M > my, if £ solves (2.1), then
e =zl < C-||Pgal

for some constant C, which is independent of N and x. Hence, given any f € W such that f =

Yie1 Tjw;, if § solves (2.1) with @ = (x;) ;. then

oo oo
F=YGuill =lg—all.<C- Y |ayl.
Jj=1 o j=N+1

Theorem 2.2 shows that for given any f = > .y z;w; € W and any reconstruction resolution N, there

o)

JEN
always exist M such that (2.1 ) can obtain an approximation fy; of f with an error of O (HP[JN]JJ

So, fas will converge to f as M — oc.



2.3 The recovery of wavelet coefficients from Fourier samples

We now let H = L?(R) and apply the non-linear scheme (2.1) to the case where the reconstruction space
W is generated by compactly supported orthonormal wavelets and the sampling space is the space of
complex exponentials S = span {eQT”‘j RS Z} for some appropriate € > 0. In particular, for some given
a > 1, we will be concerned with the recovery of wavelet coefficients of elements of H on the interval
[0,a]. Our main conclusion is that for sufficiently smooth wavelet bases, the number of reconstruction
vectors which can be accurately approximated is linearly proportional to the number of Fourier samples.
Consequently, if it is known that the wavelet coefficients = of f has decay O (|| Pxz|,) = O (N~?)
for some 8 > 0, then access to N Fourier measurements will yield an approximation with error decay
o (N —B ) and acquiring Fourier samples is up to a constant as good as acquiring the wavelet coefficients
directly. Before stating our result, we first define the wavelet and Fourier spaces to be considered.

The wavelet reconstruction space

Suppose that we are given an orthonormal mother wavelet 1) and an orthonormal scaling function ¢ such
that supp(¢) = supp(¢) = [0, a] for some a > 1. We also assume that for some o > 1 and C' > 0,

(2.4)

. C
36| < T

Now, consider the following collection of functions

A C
9] < e

Qa = {(bk)wj,k . SuPp(¢k)o N [05 a] 7é 07 Supp(wj,k)o N [O,G] 7é 07.7 € Z-l—a ke Za }a

where _ 4
o =0(—k),  Yjr=22¢9(2 k).
(the notation K° denotes the interior of a set K C R). Setting

W :=span{y: ¢ € Qu},

this gives
L2[0,a] CW C L2[-T1, Ty],

where T7, Ty > 0 are such that [—T1, T3] contains the support of all functions in §,. Note that the
inclusions may be proper (but not always, as is the case with the Haar wavelet.) It is straightforward
that

Qo ={¢r: k| =0,....[a] =1} U{Yjr:j €Ly, k€Z ~[a] <k<2a]}

and we may let T} = [a] — 1, To = 2[a] — 1. We will order Q, first by translation factors then in
increasing order of the scaling factor as follows:

{¢—[a]+17 .. 'a¢—17¢a ¢17 o '7¢fa]—17w0,—[a]+17 s ’1/)0,—1,1%,071/)0,17 s 711[}0,&1—‘—17
V1, —fal41s - s V1,2 Ta]—1> V2,—[al+15 - - - V2,4 Ta] =15 - - - )+

It is often useful to consider the all elements of 2, of wavelet resolution less than R € N. To this end,
we define
Qroe={0eQ:v=vjrj<REkcZory=d¢ykel}

and denote the size of Qg , by Ng. It is easy to verify that
Nr=2"Ta]l + (R+1)([a] — 1) (2.5)

and
Wnp C{orr: Ar1 <k < Apo}

where
Apa =27 +1) [a] + 27 + 1, Apa =2 [a] =27 — 1. (2.6)



The Fourier sampling space

For the Fourier sampling space, we let € < 1/(T} 4+ T») be the sampling density. Note that 1/(T} + T3)
is the corresponding Nyquist criterion for functions supported on [—T7,T5]. We now define the sampling
vectors by

81 = Ve X LTy J((Ty+T2)) T /(T2 +T2))]

the sampling space by
S =span{s; : 1 € Z} = {f € L*(R) : supp(f) C [-T1/(e(Ty + T2)), To/(e(T1 + T2))]}

and the space spanned by the first M sampling vectors by

o= -] 502 4]}

Theorem 2.3. Let U be the measurement matrixz associated with the wavelet reconstruction space VW
and the Fourier sampling space S described above. Suppose that the Fourier sampling density € € Q is
such that

0<6§5/(T1+T2), 56(0,1)

where Ty, Ty > 0 are such that W C L*[-T1,Ty].
Then for x € £*(N) and N € N, the following holds:
(i) If for some A >0 and a > 1,

’Qg(f)’ < (1_:|1§|)a7 EeER

then there exists some constant C independent of N (but dependent on « and €) such that for
M = C - NV Ce=1 "any solution & to (2.1) satisfies

l¢ - alla <6 || Piye

a’
(ii) If for k =0,1,2, for some A >0 and a > 1.5,
. A " A
() A m R
0| < g P00 gy 6e

then there exists some constant C independent of N (but dependent on ¢, 1 and €) such that for
M = C - N, any solution £ to (2.1) satisfies

l¢ = alla <6 || Piye

o0

Remark 2.1 Intuitively, the restriction on e should be such that e € R, and € € (0,1/(T} + T»)], since
1/(Ty + T3) is the Nyquist rate. However, the assumptions on € in this theorem are stronger, and this
restriction is likely to be an artefact of the proof and does not seem to be necessary in practice.

2.4 Discussion
Recovery of Daubechies wavelet coefficients

We first remark that the assumption in (i) of Theorem 2.3 is natural for Daubechies wavelets, since we
know from [12, Proposition 4.7] that there exists any > 0 such that for all N € N with N > 2, there
exists a Daubechies-IV scaling function, ¢, such that

on(e) < — 1

< @

and the same decay estimate holds for the corresponding wavelet, 1Z}N. Table 1 presents estimates of
an which were derived in [13] and by direct application of Theorem 2.3, estimates on [y for which M
Fourier samples is guaranteed to recover at least O (M oy ) wavelet coefficients.



N an BN

1 0 0.5

2 | 0.339 | 0.627
3 | 0.636 | 0.694
4 | 0.913 | 0.739
5 | 1.177 | 0.770
6 | 1.432 | 0.794

Table 1: For each Daubechies-N wavelet, this table shows estimates of an such that (2.7) holds and
BN such that M Fourier samples is guaranteed to recover O (M AN ) wavelet coefficients in the sense of
Theorem 2.3.

To understand which Daubechies wavelets satisfy the assumption in (ii) of Theorem 2.3, we first note
that there is a natural correspondence between the smoothness and the decay of the Fourier transform.
If ¢ has « derivatives, then

N A
¢(§)’ < W7 §eR.

Furthermore, smoothness of ¢ also implies decay in the derivatives of its Fourier transform: For k = 1, 2,
o1 (z) == xF¢(x) will also possess « derivatives and ¢, € L*(R) whenever ¢ is of compact support. Thus,
for k=0,1,2
A A
au(©)| < e

(1+1gh
From [12], it is known that the first Daubechies wavelet which is twice continuously differentiable is
the wavelet of 7 vanishing moment, thus our theorem implies that this linear correspondence between
Fourier samples and wavelet, coefficients is true for Daubechies wavelets of at least 7 vanishing moments.
However, numerical results suggest that this linear relationship actually holds for all Daubechies wavelets,
thus suggesting that this results is perhaps not sharp. See Section 6 for further details.

dr .
‘dgkéf’(f)‘ =

Necessity of a linear relationship

In [2], it was shown that if N > Ni and M = c2F where ¢ < ¢!, then

inf || Qs, glly = Ae” BNrtlosNE (2.8)
9EWnllglla

for some positive constants A and B. Thus, for all N, there exists some g € Wy such that ||g||,, = 1, but
the samples § = ({g, sﬁ)iff QL]A/;/12 | are of exponentially small norm as N increases. Although we do not
consider robustness of noise in the measurements, from a computational viewpoint, such a relationship
is undesirable. Thus, in this respect, it is perhaps necessary to have at least a linear scaling between
the number of Fourier samples, and the number of wavelet coefficients which an algorithm accurately

reconstructs.

3 Links with compressed sensing

The recent field of compressed sensing considers the recovery of signals with a reduced number of samples
via non-linear schemes by exploiting the fact that typical signals have sparse structures in particular
bases, such as wavelet bases.

Generalized sampling makes no assumption on the structure of the underlying signal, however, it
reveals to us the number of consecutive sampling coefficients required to accurately recover N consecutive
reconstruction coefficients in a stable manner. Such knowledge is important to the understanding of
compressed sensing in the context of a separable Hilbert space as demonstrated in [4]. In formulating
generalized sampling as an ¢! minimization problem, the main result of this paper shows that N wavelet
coefficients can be exactly recovered from C'N consecutive Fourier samples for some constant C' (and
provided that the wavelets are twice continuously differentiable). In this section, we will consider the
implications of this linear relationship for compressed sensing in the infinite dimensional setting.



The infinite dimensional framework of compressed sensing introduced in [4] aims to recover signals of
the form x = z + h, where supp(z) = A C [N], |A| = s and h € /}(N) by solving the following non-linear
problem

inf ||n|le subject to PaUn = PoU(x + h) (3.1)
nelt (N)

where for some M € N, Q C [M] is chosen in a uniformly random manner and is of cardinality [¢M]
for some ¢ € [0,1]. They show that any solution £ of (3.1) is such that ||§ — z|[,. < C - |h||,, with high
probability if the following holds:

(i) M and 1/q satisfy some balancing property with respect to N and s.
(i) m > C - p- slog(N/q).

where {1 = max; jen |uij|2 is known as the incoherence of U. Note that (ii) is a standard requirement of
compressed sensing algorithms, and the novelty is the balancing property which we recall in Definition
3.1.

There are two decisions to be made when implementing (3.1):

(1) What should be the range of our samples? i.e. What should M be?
(2) How many samples do we require? i.e. What should ¢ be?

We will consider these two question in the context of wavelet reconstructions from Fourier samples,
where the scaling function and wavelet generating the reconstruction space are assumed to have «
continuous derivatives. If the choice of M had to be such that M >> N, then (3.1) will be less of an
attractive scheme, however, as will be explained, the results of this paper show that up to some log
factors, it suffices to let M grow linearly with V.

3.1 The range of samples

In order to consider (1), we recall the definition of the balancing property:

Definition 3.1. [// Let U € B({*(N)) be an isometry. Then M € N and K > 1 satisfy the balancing
property with respect to U, N € N and s € N if

-1
|PyUPyUPx = Pyl e < < (logy/* (4VSKN)) (32)

co| —

where ||| joo oo 15 the norm on B(L>°(N)) and

1
| PxU* PprU Py || g e < 3 (3.3)

The theory from [4] demonstrate that when implementing (3.1), the range of samples M should be
chosen such that M and m/M satisfy the balancing property with respect to the measurement matrix U,
N and s. Observe that m/M and s will only change the relationship between M and N by a log factor.
So, this balancing property is essentially a relationship between M and N and is such that Py;U Py is
close to an isometry. Moreover, it essentially encompasses conditions under which (2.1) guarantees exact
recovery of N reconstruction coefficients from M samples.

The constraints of the balancing property are precisely the quantities covered by the analysis of (2.1)
in the context of wavelet reconstructions from Fourier samples. Assuming that the wavelet and scaling
functions are « continuously differentiable for o« > 2, Proposition 5.2 gives that (3.3) holds whenever

M = C - N and Corollary 5.4 gives that (3.2) holds whenever M = C - N - (logy (4N /5/q))"/ 2.

3.2 The amount of subsampling

From the discussion on (1), in order to obtain reconstructions up to wavelet resolution N, up to some log
factors, we are required to subsample from M = O (N) Fourier samples. However, from [4], the number



of samples m which we need to take from [M] in order to perfectly reconstruct a signal supported on
A C [N] with probability exceeding 1 — € is

NM\/s

m>C'(10g(e_1)+1)-log< ),u(U)|A|M

So, up to log factors, the amount of subsampling depends on the sparsity of the signal |A| and the
coherence of the measurement matrix matrix p(U) = max; jen |'U;1'j|2. This is problematic as it can be
shown that g = o(1) in this case. To mitigate this, variable density sampling or half-half schemes are
implemented in practice[28, 24], in which one considers problems of the form

7712’15 [In]l¢x subject to (P[Ml] @ Po)Un = (P[Ml] @ Po)Ux (3.4)

where Q C {M7 +1,..., M} is chosen in an uniformly random manner. The success of such schemes was
mathematically analysed in [3]. We recall some of the key aspects here and link it to the work presented
in this paper, although the interested reader should refer to [3] for details. Despite u(U) not being small
and the underlying signal z may not be sparse, we have that ,u(P[J[V]U ) — 0 as N — oo and generally
supp(z) C [N1]U A, where A C {N; +1,..., N} is such that |A] /(N — N;) is small. These properties
are respectively referred to as asymptotic incoherence and asymptotic sparsity. In addition, if My, M
are correctly chosen with respect to Ny, N, then || depends on the smaller values of M(P[]LWI]U ) and
|Al. So, the amount of subsampling can be based on the sparse part of the signal and the incoherent
part of the sampling matrix. In particular, a suitable choice of M; with respect to Nj is such that

HP[JMI]U P H/? < 7”1 for sufficiently small v. This is precisely the quantity studied in Lemma 5.1

and holds whenever M; = O (Nl1 +/ (20‘_1)). Furthermore, for more complex signal structures, [3] also

generalizes (3.4) for the purpose of recovering signals such that
supp(x)CAﬂJ...UAm AkC{M]@,1+1,...,Mk}, 0=My< M <...< M,
to multiple levels of the form

1é17f{ [n]|r subject to (P, ®---® Pq,)Un = (Po, ®---® Po,)Ux
n

where 0 = Ny < Ny < ... < N, and foreach 1 < k <7, Qp C {Nr_1+1,..., N} is taken uniformly at
random. Similarly to the two level scheme, effective subsampling can be achieved when for k =1,...,r—1,
the values HP]\%[k UPn, H 42 Are sufficiently small, so there is little ‘interference’ between different levels.
Thus, Lemma 5.1 serves as a starting point in understanding the effects of the choice of {Nj};_, on the
recovery of signals.

4 Proofs

4.1 Existence of unique minimizers and stability

In order to prove Theorem 2.2, we will first present a result, now of common usage in the compressed
sensing literature. A similar result was proved in [4] (see also [10]) to establish conditions for the existence
of unique minimizers. However, we repeat the proof here in order to derive a statement which includes
sufficient conditions for ¢* stability.

Proposition 4.1. Let U € B(*(N)) with ||U||,. < 1 and let Q,A C N be such that |Q,|A] < oco.
Suppose that x, h € (*(N) and supp(z) = A and supp(h) N A = (). Consider the optimisation problem

neiZI}EN) 10l subject to PoUn = PoU(x + h). (4.1)

If there exists p such that

(i) p=U*Pqn for some .

10



(ii) {p,e;) = (sen(a),e;), j € A.
(iii) |(p.e)| < 1/2, j ¢ A
and
(iv) (PAU*PoUPA)™" exists on Pa(¢*(N)) and || PxU* PoUPa(PAU* PoUPA) 7! ||,. <2,
then any minimizer § of (4.1) satisfies
1€ =2l <11 [|Afl,

Proof. First observe that since ¢ satisfies the constraint of (4.1), we have that PoU(x — PAg) =
PoUPL(€ — h). Thus,

|z — Pallx PAU*PoUPA) " PAU* PoUPa(z — €)|| 1

= I«
= ||(PAU*PoUPA) " PAU*PoU Px (€ — h) || »
< |[(PaU* PoUPa) " PAU" PaU Py [| 1 || Pa (& = W) 0 < 2 (|| Paé]pn + [1Pl1)

where the last line follows from (iv). It then follows that
||37_§Hel §3||Pi_f||zl +2||h|\@1. (4.2)

We will now proceed to bound HPK‘EHZI in terms of ||A||,::

I€llr = I1PAE — 2 + x| + [|[PAE[ 1 2 |zl + Re (Pag — z,sgn(2)) + || Pa€[
> ||z +hllp = [[Bllp + Re (Pag — z,sgn(x)) + || PA¢]|,u -

Since (ii) holds and [|€]|,1 > ||z + R||,1, it follows that

|PAE] < (PAE — x,sgn(2))| + [|ll,
= |(Pa€& —a, Pap)| + [l p = [(€ =z, p) — (Px&, p)| + [l -

Now, since p = U*PoUn and PoU(xz — £) = —PqUh, we have that
3 1
[1Pa€ll < (B, )|+ [(PA& p)| + [Ihll s < 5 1Rl + 3 | Pa¢] .

where the last line follows from (iii). Finally, plugging HPAL§||IZ1 < 3||h||,x into (4.2) yields

|2 =&l < 11[A]p -

4.2 Proof of Theorem 2.2

Proof of Theorem 2.2. Fix N € N. By Proposition 4.1, it is sufficient to show that for M sufficiently
large,

(a) PinjU*PianU Py is invertible on Py (¢*(N)) such that

HPﬁV]U*P[mUP[N](P[N1U*P[M1UP[N1)_1sz <2

(b) there exists p € range(U* Pjyy)) such that Piyjp = sgn(Pyjx) and HP[J]_V]pHe <1/2.

11



We know from the analysis of [6] that since U*U is self adjoint and positive, there exist C > 0 and mg €
N such that for all M > mg, PinjU* Py U Py is invertible on Py (¢4 (N)) and || (PvU* P U Pryy) 71| <

C. Furthermore, for fixed N € N, HP[JM] U P[N]‘

isometry,

, 0 as M — oo. Thus, using the fact that U is an
¢

1 * * —1 iR * DL * -1
HP[N]U PonU Py (Bm U™ Pan U Prvy) H - = HP U™ PanU Bivy (B U™ Pan U Py ) Hém

= \/NHP[JM]UP[MH@ (P U™ PranU Pv) ™| 2 < 2

for M sufficiently large. So, (a) is satisfied.
Now,
p= U*P[M]UP[N} (P[N]U*P[M]UP[N])_lsgn(P[N].T)

is well defined. Moreover, Pyjp = Piyjsgn(z). For j > N

[{p, €5} = ‘(U*Pﬁw]UP[N] (PU* PunU Pivy) ™~ 'sgn(Piae), e;)

< | PhgUPm |, IPaU* PangUPa) ™o VN < CVN

PinUPw |, >0 as M - .

So, (b) is satisfied. Therefore, by Proposition 4.1, for sufficiently large M, the optimisation problem
(2.1) has a unique solution if supp(z) C {1,..., N} and for any = € H,

¢ = allp <12+ | Pya

/1

5 Proof of Theorem 2.3

Throughout this section, we will be concerned with the reconstruction of functions compactly supported
on [0, a] for some a > 1 and the reconstruction space W and sampling space S will be the wavelet and
Fourier spaces as defined in Section 2.3.

Before presenting the proof of Theorem 2.3, we first require some results on the relationship between
the Fourier sampling space S and the wavelet reconstruction space WW. This will be the purpose of the
next section.

5.1 Preliminary results

The following is a result from [2], we however derive more precise bounds due the additional assumption
of polynomial decay on the Fourier transform of the scaling function ¢.

Lemma 5.1. Assume that the scaling function and wavelet, ¢ and i, are supported on [0,a] and for
some A >0 and a > 1,

£eR.

- A
s < A
(1+1ghe
Suppose also that € € Q is such that 0 < € < 1/(Ty +Ty) where Ty, Ty > 0 are such that W C L?[~Ty, Ts].
Then, given any v € (0,1) and N € N, there exists some Co 4, € N which depends only on €, o and
A such that

1
sup ||Qs,, @, <. 5.1
W H Sm H?—L ( )
llelly <1
whenever
M > Cync N-y~22a=D), (5.2)

12



Remark 5.1 In the case where ¢! € N and N < Npg, it suffices to replace (5.2) by

4A%

1
LR oR+1, —527
(27)2° (2 — 1)> v

M >t <
This dependence on € is necessary because, as mentioned in (2.8), it can be shown that inf 7 |@s,, ¢l
becomes exponentially small as M increases if M = 2% with ¢ < e !. However, when ¢! € Q, the
dependence of C. on € which arises out of the proof is more complex and this is likely to be an artefact

of the proof technique.

Proof of Lemma 5.1. Recalling the definition of Ng from (2.5), we first choose R € N such that Np_1 <
N < Ng,so N=0O (2R). Also, since € € Q, we can choose C. € N such that e 'C, € N. In particular,
if e7! € N, then we can let C. = 1. Let M = ¢ 'C, - S - 2%F! for some S € N. The goal is to determine
S such that

23\? ||Q&J§NI(‘0H’H < v

P N
llelly <1
Let ¢ € Wy such that ||¢|[,, = 1. From (2.6), p = foj&l Bidr, such that ZZA:RAZRJ 161> = 1. Observe
that
2 2 i € ek omek \ |
i Ny
leselh= XS atewes) = 3 e (5) (5
e ) <A e )
where
AR,2 .
(I)(Z) — Z 5l€27rzlz.
I=ARr,1

Let L = C.2%/e € N, then, by our choice of M, we can write k = mL + j for m < —S,m > S and

7=0,...,L—1, giving
Cej n ]
*(7) (e (z0))

Now, it is a consequence of the Parseval property of the Discrete Fourier transform that given any even
B e N, and Ay, A5 € N such that B > Ay — Ay + 1,

>3l (5)

j=1

L—-1

2 C.
HQé_M(pHH = Z f

Jj=0

2 2

>

k<—S,k>S

2 Az
= > lal? (5.3)

J=4

where U(z) = 224:2141 &e? = In our case, recalling the definition of Ap o and Ag; from (2.6), we have
that
L>2%/e>(3[a] —2)2%, Agrs—Ar1+1=2%@3[a] —2)+ [a] - 1.

So, to apply (5.3), we let A3 = [(Ar2— Ar1+1)/2] —1 and

AR,3 AR,2
@1(2’) — Z Bl€27”lz7 (I)Q(Z) _ Z 516271'1[,2'
I=ARr1 I=AR,;3+1

Thus, by applying (5.3), we have that

K| (CA\] &R Ci\|? i\
G ( D <5 E ( (D) ()
7=0 7=0
AR,2
<202 Y |p)F =202
I=ARr1
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From the estimate on the decay of ¢?7 forj=0,...,L—1,

. 2
Z (ZB( 27755] o 27che) S Z A2 2A2

< .
o 2, BrCP R = 2nC P 2a — 1)

Thus,

|Q§M<pHH < = whenever

S o 4A2 ﬁ
—\7?(2m)** (20 - 1) ’

i.e. whenever M = e_lCEC%AZR“'y_ 7T for some constant
1
4A2 2a-1
C > —— .
“A—<@mmma—n)

Proposition 5.2. Assume that the scaling and wavelet functions, ¢ and 1, are supported on [0,a] and
for k=0,1,2, for some A >0 and a > 1.5,

- A
o) < —
(1+ gD~
Suppose also that the Fourier sampling density € € Q is such that
O<€§5/(T1+T2), (56(0,1)

where Ty, Ty > 0 are such that W C L?|-T,Ts]. Then, for N € N and any v € (0,1), there exists S
independent of R (but dependent on ¢, 1 and €) such that

(i) for M > S .=t/ (=D . N,

O

k) 4
IO < e SR

)

N
sup sup [(Qs, > Bips 1) <. (5.4)
{BeCN:||Bll o =1} LEN j=1,
il
(ii) for M > S .~/ Ra=1) . N,
N
sup sup [(Qsy Y Bipj 1) <. (5.5)
{BECN:[1B]] oo =1} IEIN] )
J#l

Proof. Without loss of generality, we will assume throughout that N = Ny for some R € N. First note
that ¢; takes the form of either ¢ ; or ¥ ; for some J € N and j € Z. In this proof, when considering

1, we will only be making use of the decay of 1/3 and ¢ which are assumed to have the same decay.
Consequently, we will assume that [ is sufficiently large such that the I** element of €, is denoted by

¢1 = YR, in accordance with the ordering defined in (2.3). Let B = (ﬂ}) be such that HBH@ <1.
Then, from (2.6), for such 8, there exists (B;) such that

Ng AR,2
Y Bivi= Y Bitry (5.6)
Jj=1 J=AR1

Observe also that for any & € R, there are at most [a] 4+ 1 elements of {1;; : | € Z} whose support
contains . Hence,

Ngr
>~ B < (fal + D max {6l 16l 3 (1414 V24 4 V2FT)

R/2 _
<m1+1Jnmx{wﬂum,nwpm}(1+{ﬁz_]?),
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SO

Ngr
1Bl =[O Bies  br.;) ‘/Zﬂy% Yor,;()dt| < Zﬂj% /\d)R,j(t)Idt
=1 Lo

5 (5.7)
< |G| [onsor aty/lsupp(ons) |
Jj=1 Lo
1
< VIl + D ol ol (14 5 ) = Mo
V2 -1
and ||(83;)||, is bounded by a constant Mg, independent of R.
Using the observations (5.6) and (5.7),
sup (Qs,, Zﬁj@]a o) = sup QSM Zﬁj@m 1)
1 1
g g
(5.8)
ey 2mek R 2mek R
< o 2miekj /2% 0 [ —2miekj; /2 )
w2 o 8 e () e ()
e

Since € € Q, we can choose C. € N such that C.e™! € N. Now, for some S € N which will be
determined, let L = 28C.e~! and M = 2SL. The goal is to show that there exists some constant S € N
independent of R such that (5.8) is bounded by ~.

Now, by writing k = mL + b with m such that m < —S and m > .S and b=10 L—-1

A

A 2mek i oR A 2mek\ _oricki /2R
Z (b(_ oF > 2mieksj/2 w(_ o >6 2miekj; /2"

k- [ #]

= b omiebj  2miebj,
- Z H{7)exp| S~ &
b=0

)

where

mO= 3 damCim+)d (-2l im+ o)) e (-5,

m<—S,m>S

So, plugging this back into (5.8) and using (5.7),

Al iy =g omiebj  2mieby
l
sup (@su > Bjgj )| =sup| Y @-ZHz()eXp( - )
< ek |, 4 vamm = L 2 2R
J#l
gy b Omiebj  2mieby (5.9)
l .
< —
M¢¢sup Z \/WZ ( ) XP< oR SR, )‘
AR,2
<M
¢¢'Sup\/2T § |gl
J R,1

where

L—1 i i
. 1 b 2miebj  2mieby;
gl(-]): LZHZ (L) eXp< 2R - 2Rl )



Note that H;(0) = H;(1) = 0 since it is known that ¢(2wm) = 0 whenever m € Z\ {0} [21, Proposition
2.17, pg 64].
To gain some intuition as to why ( 5.9) should be bounded by a small constant, first observe that

1
alj) ~ / H,(t)e2m 002"t qt = By (—2miC.(j — 28 F1j))
0

where Fy = H; - X[p,1- Now, H; is zero at 0 and at 1, and if it is twice differentiable on [0,1), then (by
integration by parts) Fj(—2miC.(j — 28 F15))) < C(2nC.(j — 2R R1§))~2 where C depends on Hl(k) for
k = 1,2. Moreover, we will aim to make C' small by an appropriate choice of S in the definition of H;.
We then use that the fact that Y, .yn ™2 < oo to estimate ;LRXRJ lg:(7)]- With this in mind, we will
now proceed to approximate g;.

Given sequences (a) and (by), the following summation by parts formula holds:

N N N-1 k
Zakbk =an Z br — (ap1 — ag) ij~ (5.10)
k=0 k=0 k=0 3=0
Observe also that ] 41 ) )
—la| + Ji
—om S om Sl - gEs
_ _ Ar1 _ J _ Agp _
—(+2Mla] - 1-27 = TR < S < SR —ofa] - 127"
Thus, € < 6/(3[a] — 2) implies that _ .
€J €
-i< 3R " om < 9 (5.11)

and

whenever ‘j — QR{Z,R‘ # 0.
Assuming that j is such that |j — 212{71_R| > max {(QR*RZ)O‘*I/2

the following.

L L L
. 1 b 2miebj  2mieby;
= E H (= _
9(j) L& Z<L> eXp( oR oF >

,1}, we may apply (5.10) to obtain

1 b+1 b b (e €
2 () - (2)) e (o (- 57)

b=0 k=0

= omi(b+ 1) (9 — L)) —1
:_1Z(Hl(b+1>_Hl (b) (exp( i "i‘e)_(z —3 1)) )

L= L L exp (270 (gh — 5#)) — 1

L—1 J

1 ( +1 b
SIS () () )

L= L L 1= o 2mi(Gh—A)

)
)
e ) 512
A=
)



We now let

L-1 b+2 b+1 b
J(L—1)=H, <L> J(b) = H, (L)—2Hl (L)+Hl <L> b=0,...,L—2,

then, by applying (5.10) to (5.12), we obtain

1 o 2";le12R 1 L—2 e27rie(b+1)(2%_2jT}l) 1
! (]) - ‘ J(L B 1) 1 J - ‘](b) . : J
L (1 — 6—27r1:e(2JR_zJéz)> 1— 27”6(2%*2%1) P 1— 2mie Z%R,zilJ
mij 2B L—-2 4 ; v
= 1 - 3 {J(L — 1) . (6_2 2Rll2 _ 1) _ J(b) ) (eQTr'Le(b-‘rl)(QR—;Iél) B 1) } .
L|2sin (me (37 — $47))| 2
(5.13)

Note that H; is twice continuously differentiable on [0,1] by Lemma 5.3. Hence, by the mean value
theorem, for b=0,1,...,L — 2,

men((5) () () (5) o (5)
(§b+22— §b)Hlu <§b+L1/z>

where & € [b,b+ 1] and &1/ € [, §p41] C [b, b+ 2] and also, since H(1) = 0,

J(L—1)=—H, (LL_1> — H(1) - H <LL—1) _ h’](;n)

for some n € [1 —1/L,1]. Since ¢ € (0,1), there exists ¢5 > 0 such that for all € [, J],

1> |sin(z)/z| > cs.

So from (5.11), for ’j - QR{I—R’ > max{(QR—Rl)a—l/{l}

1 _2micq L = 2mie(o+1) (k- 347 )
i)l < ey (T 1) - X (e ) )
dci L | (sk — 54) | b=0
L—2 H// <€b+1/2)
1 ! L
< . 2|0/ ()| +4|>° ——5—= (5:14)
4c3m2C2 |(j — ZRJZI_R)|2 ; L
1 (
211H] | o) + 4N H] N g0 )
= ) 2 1llzee0,1] 1 llLee0,1]
4cim?CZ () = 5w |
Let K = max {(2f-%)2=1/2 1} and note that
] Ji bl <o
J )~ 9R—R < = )
and
90| < 1Hill poego,g - (5.15)
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By (5.9),(5.14) and (5.15),

NR M C AR,2
2 ¢, Ve .
sup [(Qs Bipj, p1)| < sup ——— 191(5)]
leN M; I leN V2BRi—R jgﬁl;m
M, IH] N pooro.n + 2 1HH' (| oo
< sup .9 111L==[0,1] 1 1lLe=[0,1]

20K || H|| poopo 1) +

leN V2Ru—R

1
2 (i — it )2
M ey 05

My . w2 2 ||Hl/||L°°[O 1] +2||Hl”||LOO[O 1]
< —2%_ | 2KC. ||Hi|l; —, = : ’
= igg \/2}%17_}% ( || l||L [071] + min { 6 K C%WQCE

2, /9R—R H|l;ooro 11+ 211 H/'| o
< sup2My, <2<RRL>“05 ||Hl||Lw[01]+min{7T 2 ’,2<RRz><a+1>} VHIil oy + 2 Il o
1eN ’

cin2C.
(5.16)
where the penultimate line follows from
! <o L i {W2 1 }
- — n
T OR_RN2 = 9= J :
{3ti—qi2i-m|>K} G = 2] izk 7 3K
Now, by Lemma 5.3 , we know that for £k = 0, 1,2 and some constant C' > 0,
zk
= = R< R
(k) 2rCe)* F(a—1)S>—1 =
HHl HLoo[o,l] =@ 2R (5.17)

a—k
1
(2rC)2a—F(a—1)S2a—1 (QT) R > Ry;.

Thus, by plugging the estimates in (5.17) into (5.16) and recalling that o > 1.5 and C, > 1, we have
that

Nr
sup  [(Qsy > Bivs. 1)

{leN:R<R;}

j=1
oM,y C 1 4 . 8 o 6MyuC
T Sela—1) \(2m)eCeT! | cgemiretlOy  pe2pace! ) T Sl (a—1)c
and
Ng
sup  |(Qsy Y Bipss 1)
{leN:R>R;} j=1
2M¢ﬂbc 1 N 9(Ri—R)(2a—2) N 9(Ri—R)(20:—3) 2M¢7wc
> S2a—1(a _ 1) (277)204052&71 63220‘717T20‘+1CE20‘ C§22“_37T2@C€2a71 - SQafl(a — 1)C§.

Recalling that M = 28+1e=1C_S, (i) follows by choosing
> 6M¢7¢C 1/(a—1)
~ \(a—1)cy
and (ii) follows by choosing

1/2a—1
> 6M¢7'¢C /(2a—1)
~ \(a—1)cgy '
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Lemma 5.3. Assume that ¢, are compactly supported and for k =0,1,2 and p = (571/;, C>0,YeN
and o > 1.5,

dk c
0| < g
Let
HE = Y. hwl)
m<—S,m>S
where

n©) = b (-2m¥ 4 )0 (-2 4.9 exp (—W) |

21 21
Then there exists some constant C' such that for all £ € [0, 1], the following holds:
()
C
2rY)e(a —1)Se—1(1 + 2B-Ritlgy §)a’

Yo (9] <

m<—S,m>S
(1)
> @)l < cl+2 %)
e e T @aY)e a = 1) S (1 2R Rty S)e

C(1+ 2f~fu)2
2nY)e—2(a— 1)So—1(1 + 2R-Rutlgy S’

Sl <

m<—Sm>S

Then, H € C?[0,1] and there exists some constant C such that for k = 0,1,2,

2 (5 ) = g S o
L2011 7 ¢ef0,1] \ e SGm>s " — @2rY)eF(a—1)Se (1 4 2B Rty §)a” '

Proof. First note that ¢ € C* and ¢ € C™, s0 hy,, € C°°. Moreover, the absolute convergence in (1),
(i) and (iii) implies that h € C?[0,1] and (5.18). So, it remains to show (i), (ii) and (iii).
(i) For ¢ € [0, 1],

Yo (9l < sup

b)Y |2y (m+g)

m<—S,m>S [n|>2F-Fitinys m<—8,m>S

< ¢ 3 LI o v L

S VR RS 2 Tt g S BRY)e(l + e RS 2 e
C

S @) (a—1)S (1 1 2K Ritiay §)e
(i)

~ ~ R+14 i R+1 . Ym
hiy (§) = = 20V ¢ (=27Y (m + €)) ¢ (—223[)/ (m + §)> exp <—22‘ZLY>

2By, - 28+1Y 1 2t Y m
- by n+ ) (- ) e (-,

So, for ¢ € [0, 1], by arguing as in (i),

C 1
Z |h;n(§)| < a— R—R o (1+2R_Rl) Z T L €O
m<—S,m>S (27TY) 1(1 +2 H_lﬂ-YS) m<—S,m>S |m + §|
C (1427 F1)

< .
= 2nY)e1(a — 1)So—1(1 + 2R-Ri+izy §)a
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(iii)

W) 4w2Y2<£"<2wY<m+§>w( W(m+£)> (

2R+3 2y2

A “ R R+1
+ ¢’(—2wY<m+£))w’< . m+£)exp( = Q‘ﬁ:rym)

2B+ 5, Y m
2R

92R+2.2y2

* Td) (=27 (m +€)) 9" ( QRHﬂY (m+¢) ) exp < ZQRHJNTYm)

2%

So, for £ € [0, 1], by arguing as in (i),

SAGE C(1 4 2R~ Rkl 4 g2R—2R) 3 1

@rY)e2(1+ 2R Fidiay Sy L fm+ gl

m<—Sm>S
< C(1 4 28— )2
= @rY)e2(a—1)5a-1(1 + 2R-Ritigy g’

5.2 Proof of Theorem 2.3

We begin with an corollary.

Corollary 5.4. Consider the setting of Proposition 5.2 and let C' be some constant independent of N
but dependent on ¢, b and €. Then

| P U PanU Piny = Pini e <7
wherever M > Cv_l/(Q"‘_l)N and
1 *
HP[N]U P[M}UP[N]HZOC <
wherever M > Cr~ /(@D N

Let x = (x;)%; such that [z, = 1. First observe that

Proof.
| (P U* PianU Piv) = Pivp) || oo = Sup (Qsu Z%@p ©1)
=1,..., j=1
Sl ?up QSM ZI'JQOJ?(PD +||‘rHﬁ°C ‘”QSZVISOZH'H_]" up Q'SM Zx]@ja@l + ||Q$M§Dl”7.[
=1,..., r L L Y 5 B
Jﬁfl J#l
(5.19)
It now follows from (ii) of Proposition 5.2 and Lemma 5.1 that for M > Cy~ /2Dy
|(PU* PanU Pivy = Pl o <
Finally,
HP[JLV]U*PUVHUP[N]IHZ = sup [{Qsy, waj,saz <5
Jj=1
whenever M > Cy~Y (=N by (i) of Proposition 5.2. O
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Proof of Theorem 2.3. As in the proof of Theorem 2.2, we will show that
(a) P[N]U*P[M]UP[N] is invertible on P[N] (61 (N)) such that

— )

1P PantU Py (P[N]U*P[M]UP[N])*HM <2
(b) there exists p € range(U* Ppy)) such that Pyjp = sgn(Pyjz) and HP[J[V]pHe <1/2.

and a direct application of Proposition 4.1 concludes this proof.
Suppose first that

) 1
[P U™ PanU Py = Py )| < 5 (5.20)
and 1
(P& U PanU P < 5 (5.21)
Then (P[N]U*P[M]UP[N])_l exists,
* —1 * J
[(PoU* PanUPiny) ™ e < D I1PU P U Py = Py [y < 2.
j=0
and 1
HP[ILV]U*P[JVI]UP[N](P[N]U*P[M}UP[N])_IHeoo < 5 (5.22)

So (a) is satisfied.
We now let

p = U*P[M]UP[N}(P[N]U*P[M]UP[N])flp[N]sgn(x) € range(U*P[M}).

Clearly, Pivjp = Pivjsgn(z) and since (5.22) holds, we have that HP[JM,DH[ < 1 and (b) holds. Thus, it

remains to show that (5.20) and (5.20) hold.
Under the assumptions of (ii), by Corollary 5.4, (5.20) and (5.20) hold whenever M > C'- N for some
constant dependent only on ¢, ¥ and e.

Finally, under the assumptions of (i), by Lemma 5.1,

’P [JM]UP[N] - < ﬁ whenever M > C -
N1H+1/@e=1) for some constant C dependent only on ¢, ¢ and e. Thus, using the fact that U is an
isometry,

* * 1
| P U PanU Py = Pl e | P P U P < VIV || Pl U P, < 5
and 1
1 * 1
[P Pant . < VR [Py, < 5

6 A numerical example

In this section, we will be considering the use of generalized sampling in the recovery of wavelet coefficients
from Fourier samples. The wavelet bases used will be the orthogonal Daubechies wavelets adapted to the
unit interval, by modifying the boundary wavelets [11]. Note that although the previous sections only
considered orthogonal wavelets with zero boundary conditions, all the results proved hold also for these
interval adapted wavelet bases. This is because the proofs are only dependent on the decay properties
of the Fourier transform of the scaling function and wavelet, which are preserved in the construction of
boundary adapted wavelets.

We will consider the recovery of the function f(x) = 23 + 1 on the interval [0,1] from its Fourier
samples, with Fourier sampling density € = 1/2. Namely, for M € N, let Apy = {—|M/2],...,[M/2]-1},
then the samples observed are Fy; = (2*1/2f(ﬂk))k€A :

M

For fixed v € N, let ¥ denote the 4" Daubechies-v wavelet, where the ordering is in increasing order

of wavelet scale. We will compute two types of reconstructions.
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Figure 1: The two figures are reconstructions of f(z) = 2>+1 on the unit interval from its first 128 Fourier
samples. The left figure shows the generalized sampling reconstruction using Daubechies-3 wavelets, and
the right figure shows the truncated Fourier representation.

(1) The truncated Fourier representation T (f) = €>_,cs,, f(2mej)e

2mieg-

(ii) The generalized sampling reconstruction Ry, (f,v) = 23:1 Bje; where 3 = (ﬂj)?: is such that

B € argmin__cs14 [|7]|,n subject to Py, U"n = F. (6.1)

neC

where Py, U"n = (<Z§1=41 ni%5 \ﬁezmék')>k€AM. Recall from Section 2.1 that although £ is finite

dimensional, it can then be understood as an approximation to an infinite dimensional generalized
sampling reconstruction.

Figure 1 shows plots of the Ry/(f,3) and Th(f) for M = 128 and Table 2 shows the errors of the
reconstructions Ths(f) and Ry (f,v) for v =1,2,3.

Since f is smooth but not periodic, it is expected that the truncated Fourier representation of f has
slow decay in its coefficients: ||7a(f) — fll;; = O (M~'/2). This is reflected in Table 2. On the other
hand, if one has direct access to the wavelet coefficients of f, such that we can compute

M

Qwne () =D (086,

Jj=1

then it is known [25] (since the boundary corrected Daubechies wavelets preserve v vanishing moments
on the unit interval), that

1Qwas () = flla = O (M)
In the results of Table 2, although Ry (f,v) is constructed only from M Fourier samples, it achieves
an error close to O (M~"). This suggests that there is a linear correspondence between the number of
Fourier samples and the number of wavelet coefficients recovered. In particular, one does not need to
directly access the wavelets coeflicients to attain their benefits.

Our results in Theorem 2.3 suggests such a linear correspondence for sufficiently smooth wavelets,
however the results here suggest that this relationship might hold even for nonsmooth wavelets. Thus,
the question of whether the result in Theorem 2.3 can be improved remains an open problem. Finally,
we remark that this example demonstrates that the nonlinear approach to generalized sampling not
only achieves consistent reconstructions but also the same error bounds as the generalized sampling
reconstructions derived from least squares approaches.

7 Concluding remarks

We have provided analysis of a non-linear scheme for generalized sampling in arbitrary spaces and have
proved that the scheme is consistent, convergent and stable in an ¢! sense. Furthermore, we have
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M | Reconstruction Errorys — bgli(;z#f‘”)
64 Ru(f, 1) 0.0113 1.0783
128 Rar(f,1) 0.0058 1.0597
256 Ru(f,1) 0.0030 1.0490
512 Ru(f,1) 0.0015 1.0421
64 R (f,2) 3.58 x 107 1.9079
128 Rar(f,2) 9.21 x 107° 1.9152
256 Ru(f,2) 2.33 x 107° 1.9236
512 R (f,2) 5.88 x 107° 1.9307
64 Run(f,3) 8.43 x 107° 2.8092
128 R (f,3) 1.11 x 107 2.8258
256 R (f,3) 2.24 x 1077 2.7616
512 R (f,3) 1.75 x 1077 2.4937
64 T (f) 0.0911 0.5760
128 T (f) 0.0642 0.5658
256 T (f) 0.0457 0.5563
512 T (f) 0.0330 0.5466

Table 2: Comparison of the truncated Fourier representation of f, Ths(f) and the generalized sampling
reconstruction of f with Daubechies-v wavelets, Rjs(f,v). Note that Daubechies-1 refers to the Haar
wavelet. In this table, for each reconstruction, say Fi(f), we let Erroras = ||Far(f) — fll;,- Note that
all reconstructions have as input the first M Fourier samples.

derived error bounds for this scheme in the context of wavelet reconstructions from Fourier samples. In
particular, for wavelets of sufficient smoothness, there is a linear correspondence between the number of
Fourier samples and the number of wavelets that can be accurately recovered.

Although the work presented in this paper make no assumption on sparsity of the underlying signal,
we have remarked upon the relevance of the analysis of this paper for the implementation of compressed
sensing. In particular, the choice of an effective sampling strategy in the presence of sparsity requires
an a-priori understanding of how many wavelet coefficients can be accurately recovered from M Fourier
coefficients.

As previously mentioned, the scheme presented in this paper is already used in practice for the
reconstruction of MR images. Although the analysis in this paper has been conducted in one-dimension
and for orthonormal systems of wavelets with zero boundary conditions only, the actual properties
required for the proofs are very general. The key properties of the space W that our proofs exploit
are the smoothness and hence Fourier decay of the scaling function ¢ and the wavelet 1) and that the
existence of an increasing sequence

0< Ny << Np<Nppi<-
such that Np = O (QR), Uren Wy =W and
Wiy, Cspan{¢r;: Ar1 <j < Ara}, Ara2—Ar1=0(2%). (7.1)

Consequently, the results of this paper can be readily extended to other types of boundary conditions,
in particular, the Daubechies wavelets with special boundary wavelet and scaling functions as described
in [11], since it is known from the construction that the boundary scaling function can be written as
a linear combination of finitely many elements in {¢(- — k) : k € Z}. Furthermore, since the properties
of the wavelet bases described here are easily preserved when extended to separable two-dimensional
wavelet bases, the results here are applicable also to two-dimensions. Thus, the work here may be seen
as theoretical foundations for the use of this non-linear framework of generalized sampling in MRI.
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