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Compressed Sensing
Lecture 11

Background reading

These notes are based on Chapters 2,4,6,9 of Foucart, Simon, and Holger Rauhut. A mathematical intro-
duction to compressive sensing. Vol. 1. No. 3. Boston: Birkhauser, 2013.

1 Introduction

Consider the following inverse problem:

Given A € C™*¥ and y € C™ with N > m, find € CV such that Az = y.

In general, this is impossible. However, signals we are typically interested in are not arbitrary, but often
‘sparse’ or approximately sparse with respect to some representation system (e.g. a wavelet basis).

We begin with a couple of definitions. Note that the second definition is simply the finite dimensional
analogue of the nonlinear approximation error discussed in the previous section.
Definition 1. For z € CV, let Supp(z) = {j : z; # 0}. A vector x € CV s s-sparse if at most s of its
entries are nonzero:

|z]o := card(Supp(z)) < s.

Let ¥ denote the set of all s-sparse vectors.
Definition 2. For p > 0, the {,-error of the best s-term approzimation to x € CV is

os(x)p :=inf {Jx — 2|, ; 2 € s}

2 Minimal number of measurements

(meN

What conditions should we impose on a measurement matrix A € so that we can recover every

s sparse vector from Az?

Throughout, given a matrix A € C™*™ and an index set S C [N], let Ag denote the matrix A with its
columns restricted to those indexed by S. Similarly, given a vector v € CV, let vg denote the restriction of
the vector v to its coefficients indexed by S.

Theorem 1. Given A € C™*N | the following are equivalent:

(i) If Az = Az and x,z € 3, then x = z.
(ii) The null space N'(A) does not contain any 2s sparse vector other than 0, that is N'(A) N Xas = {0}.
(iii) For all S C [N] with Card(S) < 2s, Ag is injective from C to CN.

(iv) Every set of 2s columns of A is linearly independent.



Proof. Tt is clear that (iii) and (iv) are equivalent.

To see that (ii) is equivalent to (iii), note that (ii) is true if and only if for all v € ¥g,, Av = Agvg = 0
implies that v = 0. This is true if and only if Ag is injective for every subset S C [N] of cardinality 2s.

To see that (ii) implies (i), let =,z € 35 be such that Az = Az. Then, A(z — z) = 0 and since z — z € Xy,
we must have z = z if we assume (ii).

Finally, to see that (i) implies (ii), let v € N'(A) be such that v € 3a;. Then, we can write v = z + x for
some z,x € 3, with Supp(z) N Supp(z) = 0. By (i), since Az = —Az, we have that x = —z and since they
have disjoint support, it follows that + = —z = 0.

O

Remark 1. From the previous theorem, we see that if we have a measurement matrix A € C™* for which
it is possible to reconstruct every s-sparse vector  from measurements Az, then (iv) holds, so rank(A) > 2s.
However, since rank(A) < m, we must have that m > 2s.

If any one of the conditions in the previous lemma hold, then x € 3 is the unique solution to
min |z]op subject to Az = Ax. (1)
zeCN
Theorem 2. For any integer N > 2s, there exists a measurement matriz A € C™*N with m = 2s such that
every s-sparse vector x € CN can be recovered from y = Az € C™ as a solution of (1).

Proof. Let us fix the following real numbers,

ty > >ty >t > 0.

Consider the following matrix A € C™*N with m = 2s:
1 1 . 1
t to oot
A =
261 251 251
£y t5° ety

Given any index set S C [N] of cardinality 2s with S = {j1 < jo < -+ < jas},

Ag = tj, tjs e gy, c (C2s%2s
28.71 25—1 25-71
tjl tjz T Vo

is a Vandermonde matrix with det(As) = [],.,(t;, —t;,) > 0. Therefore, Ag is invertible and by Theorem
1, the conclusion follows. O

Bad news: In general, solving (1) is not feasible: since the minimizer has sparsity s, a naive approach
would be to solve APsu =y for all subsets S C {1,..., N} of size s, this is (1;’) linear systems. If N = 1000
and s = 10 and each linear system took 107!0 seconds, this approach would take over 300 years. In fact, for
general A and y, one can prove that (1) is NP-hard.

Convex relaxation Since |z|} — [z]o as p — 0, it is natural to consider the approximation of (1) by

min |z|, subject to Az = y. 2
i 2] subj y @)

For p € (0,1), this is again NP-hard in general, for p > 1, even l-sparse vectors cannot be recovered as
solutions of (2). However, we will see that sparse recovery can be guaranteed when p = 1.



3 Basis Pursuit

In this section, we study the solutions to the following minimization problem (basis pursuit):

min |z|; subject to Az =y. (3)
z€CN

What are the necessary and sufficient conditions on A € C™*¥ for which every s sparse vector x € CN
can be recovered from y = Ax as the unique solution to (3)? When can we guarantee reconstructions
which are stable to sparsity defect or inexact measurements?

Definition 3. A matriz A € C™*¥ s said to satisfy the null space property (NSP) relative to S C [N] if
lvsly < fvselr, Vv e N(A)\ {0}

It is said to satisfy the NSP of order s if this is true for all S C [N] with Card(S) < s.
Theorem 3. Given A € C™*N every x € CV supported on S C [N] is the unique solution to (3) with
y = Ax if and only if A satisfies the NSP relative to S.

Proof. For fixed S C [N], assume that every vector z € CV supported on S is the unique solution to (3).
Then, given any v € N(A) \ {0}, vs is the unique solution to (3) with y = Avg. But, Avg = —Avge and
vg # —vge. This implies that |vs|1 < |vse|:-

Conversely, suppose that A satisfies the NSP relative to S. Then, given x with Supp(z) C S and z € CV
such that Az = Az and z # x, we have that v :=x — 2z € N(A) \ {0}. So,

Izl = & = zslh + |zsls = lvsh + [zsl < Jvsels + |25 = [zs[1 + |25 = [2]1-
Therefore, x is the unique minimizer to (3). O

By applying the above theorem to all subsets of cardinality s, we have the following result.
Corollary 1. Given A C C™*N | every s-sparse vector x € CN is the unique solution to (3) with y = Az if
and only if A satisfies the NSP of order s.

3.1 Stability to sparsity defect and inexact measurements
Suppose we want to recover x from a measurement vector y € C” such that

Az —yl2 <.

Then, we will solve instead
min |z]; subject to |Az — y|2 < 7. (4)
2€CN

In the case where x is not perfectly sparse and we are given inexact measurements, it is desirable to recover
z in a stable manner, such that the reconstruction error can be controlled by the amount of sparsity defect
os(x)1, and the noise level 7.

Definition 4. A € C"™*V is said to satisfy the robust NSP relative to S C [N], with p € (0,1) and 7 > 0 if

1+ 7| Av|2, Yo e CV.

lvs]y < plvse

It is said to satisfy the robust NSP of order s with p € (0,1) and T > 0 if the above inequality holds for all
subsets S of cardinality at most s.



Theorem 4. Suppose that A € C™*N satisfies the robust NSP of order s with p € (0,1) and 7 > 0.Then,
for all z € CV, given y = Az + e and |e| < n, any solution & to (4) satisfies
. 2(1+ 4t
fo = il < 2 oo+ 1

(1-p)

n.

To prove this theorem, we will prove the following (stronger) result.
Theorem 5. A € C™*N satisfies the robust NSP with p € (0,1) and T > 0 relative to S if and only if

14+p 2
Iz =2l < 7= (2l = lely + 2zselo) +

1A =2l (5)

Proof. Assume that A satisfies (5) for all z,2 € CV. Let v € C¥. Then, by writing z = —vg and z = vge,

1+p

<
"/U”1 = 1 —p

2T
c - - .A .
(Josel = losli) + _p|| ol

By rearranging the above equation, we have that

lvsl < plvsels + 7 Av]2.

Conversely, assume that A satisfies the robust NSP relative to S. Then, for 2,z € CV, let v := z — 2. By
the robust NSP,
lvslh < plusels + 7] Av], (6)

and by Lemma 1,
lvsel < Izl = [z + lvsly + 2|zse]s. (7)

By plugging (6) into (7), we have that

losel < plvsels + 7l 40] + 2] — laly + 2]

and rearranging yields

[oselr < (Ao +[z[x = e + 225 1) - (8)

1
L—p
So, by applying the robust NSP, we have that

[oly = lvseli + lvsl < (1 + p)lvse|r + 7] Av]s,
and a further application of (8) yields the desired result. O
Lemma 1. Given S C [N], and x,z € CV,
(@ = 2)sel < Izl = ol + (@ = 2)s] + 2lselr.
Proof. Observe that
|zl = lzselh + lzsly < Jzsels + 1(z = 2)sl1 + [zs]

and

I(z = 2)se|1 < [ose|r + |zse ]

By summing the two inequalities,

|zl + (2 = 2)sels < 2lzsels + |2 + [ (2 = 2) s
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Deriving ¢? error bounds
Definition 5. For q¢ > 1, A € C™*¥ s said to satisfy the {1-robust NSP of order s with p € (0,1) and
T >0 if for all S C [N] with Card(S) < s,

1+ 7| Av|2, Yo eV,

p
losle < =7 lvse

Remark 2. For 1 < p < ¢, observe that by Holder’s inequality,

r/q

Dol < | Dol | sl = Jusgst el
jeS jes

Therefore, |vs|, < '/~ |vg|,. So, if the (2-robust NSP holds, then
fesly < —Losloseh + 817 Vor|aols, Vo e €™

Theorem 6. Suppose that A € C™*N satisfies the £? robust NSP of order s with p € (0,1) and 7 > 0.
Then, for all z € CV, any solution & of (4) with y = Ax + e and |e|2 < 1 approzimates x with (P error:

. c _
|z — 2], < mas(z)l + Dst/P=1/2y) p € [1,2].

Here, C and D are constants which depend only on p and T.

This theorem follows from the stronger result Theorem 7, with ¢ = 2 and z = &. However, before proving
that theorem, we first derive a lemma. In saying that a vector is ‘compressible’, we generally mean that
its s-term approximation error decays quickly in s. The following lemma essentially shows that elements
belonging to the nonconvex unit £, balls with p < 1 serve as good models for compressible vectors. Moreover,
this result hints that the error bound obtained in Theorem 6 is natural: if p € [1,2] and |z], < 1 for ¢ < 1,
then o,(z), < s'/7~1/4, Now, assuming that 7 = 0 (no measurements error), the result of Theorem 6 says
that
e — 2], < Cs'/P7Ha,

So, the error has the same decay in s as the s-term approximiation error in £P.
Lemma 2. For any p > q > 0, and any v € CV, the inequality

1
0s(@)p < Sz Iela:

Proof. Let * be a rearrangement of (|:z:]|)§\7:1 in nonincreasing order. Then,

N N s Pq;‘?
_pbP=g —
os()h = D (a7 < (a5 @)t < (7D (@0)" |z < s 7 Jzl§~ =[5
j=st1 j=s+1 j=1
Therefore, o(z), < s~ /4+1/P|z],. O

Theorem 7. Given 1 < p < q, suppose that A € C™*N satisfies the (1 robust NSP of order s with p € (0,1)
and T > 0. Then, for all x,z € CV,

C _
le = 2l < <=7 (Il — el + 204()1) + Ds™" /) Az - 2)]

where

2
c=0FP g p=BFAT

1—0p 1—0p



Proof. The (7 robust NSP (along with Holder’s inequality) implies that for all v € CV and all S C [N] with
Card(S) < s,

losl < s~ vslq < plose s + 5"~ 7] A, (9)
and P
losly < s/P~H s, < miplvseli+ s/ ar] Avllp. (10)
So, from (9), we may apply Theorem 5 to obtain
1+p 27st—1/4
|z =2l < T, (2l = Izl + 205(2)1) + ﬁHA(SU = z)|2- (11)

Now, by choosing S to be the largest s entries of z — z, by Lemma 2,

A-inequality
= 1
Iz =2l < Wz =2)selp + (@ = 2)slp < g7l = 2l + (@ = 2)slp-

Therefore, by combining this inequality with (10), we have that

1

p L+p
WHJJ—ZHl + 81_71/1,|

rple =2l s o A,

Iz = 2lp < [osely + s/ a7 Au]y <

Substituting in (11) yields the desired result. O

4 Restricted isometry property

In this section, we introduce the notion of the restricted isometry property (RIP) and show that it is a
sufficient condition for stable and robust recovery. It is often easier to work with the RIP than the null space

property.

4.1 Definition and basic properties

Definition 6. The sth restricted isometry constant 6, = 65(A) of a matriz A € C™*N is the smallest § > 0
such that
(1= o)l < [Az]3 < 1 +0)lxl3, Vo€,

Equivalently,

53 = max "AZ‘AS — 15'”2%2.
SC[N],Card S<s

Note that d; < dp < -+ < In.
Proposition 1. Let u,v € CV and suppose that |ulo < s and |v|o < t. If Supp(u) N Supp(v) = 0, then

[(Au, Av)| < dsptfulz]v]s.

Proof. Let S := Supp(u) U Supp(v). Let ug,vs € C¥ be the restriction of u and v to S. Note that since u
and v have disjoint support, (ug, vs) = (u, v) = 0. Hence,

[(Au, Av)| = [(Asus, Asvs) = (us, vs)| = [(A5As — Dus, vs)| < |AsAs — I]2-2]us]a|vs]o-

The result follows since |A§As — I|a—2 < Ogqt-



In the following, we show that the RIP is necessary for stability to noisy measurements.
Definition 7. Let A € C™*¥N and let A : R™ — RN denote a recovery algorithm. We say that (A, A) is
C-stable of order s if for all x € ¥4 and any e € C™,

[A(Az + e) — zf2 < Cle]2.
Theorem 8. If (A, A) is C-stable of order s, then &|xz|2 < |Az|z for all z € y,.

Proof. Let x,z € ¥¢ and define

Az —x) Az —2)
[ — and e, = —
Observe that A
Ax + e, = w = Az +e,.

Let & = A(Az + e;) = A(Az + e.). Then,

|z = 2l2 =z =2+ & = 2]z < |z = 2]2 + |2 — 22

Az — Alx —

Since this is true for all z, z € X, the conclusion follows. O

Minimal number of measurements
Theorem 9. Let A € R™*YN such that it has RIP constant 825 € (0,1/2]. Then,

> Csl (N> c !
m > Cslog | — |, =
&\s 2log(v24 +1)

To prove this theorem, we first require a preliminary lemma. !

Lemma 3. Let s and N satisfy s < N/2. Then, there exists a set X C X5 such that
(i) for any x € X, we have |z|2 < /.
(ii) for any x,z € X with x # z, we have |x — z|2 > \/s/2.

(iii) log | X| > § log(X).

This lemma gives a lower bound, in dimension N, on the number of balls of radius \/5/72, centred at s-sparse
vectors that we can pack into the ball of radius y/s. Since the RIP means that A roughly preserves the
distance between s-sparse vectors, we can make a similar statement about balls of dimension m. This allows
us to obtain a lower bound on m.

Proof of Theorem 9. Let X be as in Lemma 3. Given any x, z € X, we have that z, z, t —z € ¥o,. Therefore,
by applying (ii) of Lemma 3 and using the fact that do5 € (0,1/2],

[Az — Azl > /T Saalz — 2|o > /1= 523\/5 > \/i.
Since |z]2 < /s and da5 € (0,1/2],

3s
[Az]2 < V1+d2slzl2 </ 5 (12)

1We will use this lemma without proof, the interested reader can refer to Lemma A.1 in Compressed sensing: theory and
applications. Cambridge University Press, Y. Eldar and G. Kutyniok, eds. (2012).




Let B, and B, be balls of radius ~ o/ 4, centred at Az and Az respectively, then they are disjoint.

By (12), B, U B, C B, where r < \/35/2 + \/s/16. Now,
B<\/§+\/§>]>|X|V01{B( 156)]
= () ()

Vol

= (V24+1)™ > | X|
< m = 710g ‘Xl
" log(v24+1)
Finally, the conclusion follows by applying (iii) of Lemma 3. O
Lecture 13

4.2 Analysis of basis pursuit with the RIP

Theorem 10 (RIP implies sparse recovery). Suppose that the 2s restricted isometry constant of A € C™*N
satisfies 025 < 1/3. Then, every s-sparse vector x € CV is the unique solution of

min |z|1 subject to Ax = Az.
z€CN

To prove this theorem, we first require a technical lemma.

Lemma 4. Given q,p >0, if u € C* and v € C* are such that

max |u min |v
max fu;| < min fv;],

then |ufq < %”v”p, In the case p=1, ¢ =2 and t = s, we have |uly < s~/2|v];.

Proof. The result follows by combining the following two inequalities:

o sVl = (s Juil) ! < maxieq fuil

1/p .
o 7Pl = (0 ol?) > mingegy fu
Proof of Theorem 10. By Corollary 1, it is enough to show A satisfies the NSP of order s
1
lusli < 5”7)“17 Vo e N(A)\ {0}, S C[N], Card(S)=
Since |vg|1 < v/s|vs|2 by the Cauchy-Schwarz inequality, it is enough to show that
[CEIPES ﬁl\v\ll, Vv e N(A)\{0}, SCIN], Card(S)=s,

where p := 204(1 — das) 71 < 1.



For v € N(A), it is enough to consider the case where S = Sy is the index set corresponding to the largest
s entries of v. Partition S§ =57 U S U--- into sets of cardinality at most s by

S1 = index set of largest s entries in S,

Sy = index set of largest s entries in S§ \ Sy,

and so on. Then, for v € N (A), Avg, = A(—vs, —vs, —---). By the RIP,
2 1 2
Jusolz < WHAUSO I2= qmvso, A(—vs, —vg, —++))
1
= 1— 05, Z<AUSO? A(_Usk»
E>1
by Proposition 1 < 02 Z lvselzlvs, |
y X 1 7525 So 2 Sk 2-
k=1
Therefore,
625 P
lvs, |2 < Y lvsile =5 [vs,le.
1 — do 2
k21 k21
By Lemma 4,
1
lvsilz < %Hvsk_lﬂb
So,

p P
S 5= < 5—7=lvf-
Ivsle < 57 3o < 57 o

O

Theorem 11 (RIP implies stability and robustness). Suppose that the 2s restricted isometry constant of
A € C™*N satisfies

8o < ~ 0.6246, (13)

4
V4l
then for all z € CN and y € C™ with |Az — y|2 < n, any solution & to (4) satisfies

|z — 2l < Cos(x)1 + Dvsn

C
70’8(17)1 + D777

Vs

where C; D > 0 are constants which depend only on 6a.

|z — 2|2 <

By Theorem 6, Theorem 11 is a direct consequence of the following result.
Theorem 12. If the 2s restricted isometry constant A € C™*N satisfies (13), then the matriz A satisfies
the € robust NSP of order s with constants p € (0,1) and 7 > 0 which depend only on Sas.

We first prove a technical lemma, which can be viewed as a counter part to the Cauchy-Schwarz inequality

laly < V/slal2.

Lemma 5 (Square root lifting). Fora; > as > -+ > as = 0,




Proof. Proving this lemma is equivalent to showing that given any a € R?,

\/g Zj:l a;

ar =as =2-->as >0 and Tal—k NG <1

implies that |afs + %as < 1. Let f(a) = |a]2 + %as and let

S s
C:{aeRs;m}ag}---}as}O and \/§a1—|—zj_”<1}.
4 NG

Then, we simply need to show that sup,cc f(a) < 1. Observe that C is a convex set and f is a convex
function. So, the supremum is achieved on one of the vertices of C. Moreover, the vertices are exactly the
intersection points of the hyperplanes obtained by setting s of the s + 1 inequality constraints to equalities.
We are thus left to consider the following three cases:

e a; =---=az;=0. Then, f(a) =0.

P >ak+1:-.-:aS:OWithk<sand§a1+#=1. In this case, a1 = v/s/(k+s/4)
and f(a) = vsk/(k+s/4) < 1.

e a;=---=as;>0and %m-f—%:l' In this case, a1 = 4/(5v/5) and f(a) = § + 3 = 1.

O

Proof of Theorem 12. We need to find p € (0,1) and 7 > 0 such that for all v € CV, § C [N] with
Card(S) = s,

leste < Jelosels + 7l Aol

Given v € CV, it is enough to consider the index set S := Sj of the s largest absolute entries of v. As before,
partition S§ =57 U S U -+, so that

S1 = index set of largest s entries in S§,

Sy = index set of largest s entries in S§ \ Sy,
and so on. Since vg, is s-sparse, we can write
[Avs, I3 = (1 +t)]vs, [3

for some ¢ such that |¢t| < J;. We aim to show that

[(Avs,, Avs,)| < /03, — |vs, |2]vs, 2. (14)
Let »
= 2% and wie= ¢ vs,
"USO H2 ”,Usk "2

where 6 is such that [(Au, Aw)| = R(Au, Aw). Then, for o, f > 0,

2|{Au, Aw)| = — Jlr 3 [A(eu +w) |3 — [A(Bu — w) |3 — (a® — ) Aul3]
<z Jlr 5 [(1+ ) |au +wl3 — (1 = b24)|Bu — w]3 — (@® — B2) (1 + ) Jul3]
since (u, w) =0 =~ Jlr 3 [(14625)(@® + 1) — (1 = 625) (B2 + 1) — (a® = ) (1 + 1))
== Jlr 5 [(02s — )2 + (t + 825) 8% + 2055.]

10



By substituting in the values

we have that

2 |(Au, Aw)| < 25— %, — 525+t+(523—t)+252s-]:2\/5§sja

2525
and thereby proving (14).

Therefore,

|Avs, ”g = <AvSmA U= szk >

k>1

= (Avs,, Av) = (Avs,, Avs,)

k>1

< [ Avs, o[ Avls + Y /63, — t[vs, lafvs, |2
E>1

= vz | VI+t|Av]z+ > /63, — 2|vs, |2
k>1

For k > 1, let v, and vk denote respectively the smallest and largest absolute entries of v on S;. By Lemma
9,

D v lz < Z "US" b —I— ~— Z ”US’“Hl + ~=

k>1 k>1 k>1
1
< Jelosgh + glvsol

Therefore,

(L+B)vs,[3 = 1Avs,[3 < Jvs, 2 <v1+ |Av]z + —==— 25 || sgh+—— ”US()”?)

| 4u]; + V‘gs‘tg Vo =, ||2>
(1+0vs < Ty sl ) -

lvssly +

= |v <
” 50”2 <\/ﬁ

Since

/03, — 12 825 1 1
< and < )
1+t V1—02, VI+t = VT =02

we have the robust NSP as required:

52 - 1 8
<l1- —22— AV + ———|vse
sl < (1~ 72 <m” bt eyl
V14 do Oas vge
RIS —
1 — 02, — 025 /4 1— 02, —da5/4 Vs
Therefore, the ¢2-robust null space property hold if
d2s
2 <1l 2

V=03, — 6o/ ar

11
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5 Sparse recovery with random matrices

In this section, we will show that random matrices satisfy the RIP.

5.1 Basics from probability theory

We recall some notions from probability theory: Let (2,2, P) be a probability space, where ¥ is a o-algebra
on Q (that is, a collection of subsets of Q that includes @, is closed under complement, and is closed under
countable unions and intersections), and P is a probability measure on (€2, X).

e forall Be X,
B) = /B dP(w) = /Q 15dP(w) € [0, 1],

We have the union bound: for all sequences (B;); C 3,

B <3 BB

=1

FCz

A random variable (r.v.) is a real valued measurable function on (£2,%), where we say that X is
measurable if
XM A)={weQ; X(w)eA}eXx

for all Borel measurable subsets A C R.

The distribution function F' = F'x of a random variable X is

F(t)=P(X <t), teR.

A random variable X has probability density function ¢x : R — R, if

b
P(X € [a,b]) = / ox(O)dt,  Va<beR.

e The expectation of a random variable X is E[X] = [, X (w)dP(w).

e Given g: R — R, E[g = [7_ g(t)ex (t)dt.
Definition 8 (Common random Varlables) e A Rademacher variable (sometimes also called symmetric
Bernoulli variable) is a random variable that takes the values +1 and —1 with equal probability.

o A normally distributed random variable (a.k.a. Gaussian random variable) with mean E[X] = p and
variance E[(X — p)?] = o2, has probability density function

00 = s exp (- ;(,’;)2) ~

A Gaussian random variable with mean 0 and variance 1 is called a standard Gaussian random variable.

12



e A random wariable is called subgaussian if there exists B,k > 0 such that
P(|X| > t) < Bexp(—xt?), vt > 0.
It is called subexponential if there exists constants 5,k > 0 such that
P(|X| > t) < Bexp(—kt), vt > 0.

Remark 3. One can show that if X is a standard Gaussian random variable, then

Mu1>w<e@<_§> and E@mwxn:pr§)

So, X is subgaussian with k = 1/2 and 8 = 1. Note also that Rademacher random variables and in fact,
any bounded random variables are also subgaussian.

Some useful results on subgaussian random variables
Proposition 2 (Equivalent characterization). Let X be a random variable.

(a) If X is subgaussian with B,k > 0 and EX = 0, then there exists a constant ¢ (dependent only on (
and k) such that
Elexp(0X)] < exp(ch?), Vo € R. (15)

(b) Conversely, if (15) holds, then EX = 0 and X is subgaussian with 8 =2 and k = 1/(4c).
Theorem 13 (Sum of subgaussian r.v.’s). Let {X; }j”il be a sequence of independent mean zero subgaussian

random variables, with parameter c in (15). For a € RM, the random variable Z = Zlkil a; X is subgaussian.
In particular,
Elexp(07)] < exp (clal36®), VO ER.

and
2

P(|Z] > t) < 2exp (_46||a||2
2

) , Vvt > 0.

Proposition 3 (Bernstein inequality for subexponential random variables). Let {X;}, be independent

mean zero subexponential random variables. i.e. P(|1X;| > t) < Be "t with 8,k > 0 for all t > 0. Then,

M 2
t)</2

Z X, (k1)*/

1=0

P _~ -
( 2BM + kit

>t)<2exp< >, vt > 0.

5.2 Random matrices and the RIP

Definition 9. Let A € R™*N,
(a) If the entries of A are independent Rademacher variables then A is called a Bernoulli random matrix.

(b) If the entries of A are independent standard Gaussian random variables, then A is called a Gaussian
random matrix.

(¢) If the entries of A are independent mean zero subgaussian random variable with variance 1, then A is
called a subgaussian random matriz.

Note that Gaussian random matrices and Bernoulli random matrices are also subgaussian random matrices.
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Theorem 14. Let A € R™*N be a subgaussian random matriz. Then there exists C > 0 (dependent only
on subgaussian parameters f3, k) such that the s-restricted isometry constant of m~Y2 A satisfies 65 < 6 with
probability at least 1 — €, provided that

m > C6? (sln(eN/s) + In(2e 7)) .
Setting & = 2exp (—02m/(2C)) yields
m > 206 %sIn(eN/s).

Note that the scaling factor of m~/2 makes sense because E|m~1/2Az|3 = |z|3.

Definition 10. Let Y € RY be a random vector.
(a) IFE[(Y, 2)|°] = |z|? for all z € RN, then Y is called isotropic.

(b) If for all z € RN with |z|o = 1, the random variable (Y, x) is subgaussian with subgaussian parameter
¢ (independent of x) so that

Elexp(0(Y, x))] < exp(ch?), 0 R,
then Y is called a subgaussian random vector.

As a consequence of the following lemma, it is sufficient to consider matrices A € R™*¥ of the form

%
A= 5
Yo
with rows specified by independent subgaussian and isotropic vectors Yi,..., Y.

Lemma 6. Let Y be a vector with independent mean zero and subgaussian entries with variance 1 and
subgaussian parameter c. Then, Y is an isotropic and subgaussian random vector with subgaussian parameter
c.

Proof. Let Y = (yj)jle. Then, for x = (:z:j)jjvil,

N N

E[(Y, z)%] = E(Z ziy)” =YY wmE(ym)-

j=11=1

Note that E(y;y1) = E(y;)E(yi) = 0 for j # I by independence of the entries of ¥ and E(y7) = 1. Therefore,
condition (a) of Definition 10 is satisfied.

Condition (b) follows because by Theorem 13, a linear combination of independent mean zero subgaussian
random variables is also subgaussian with the same subgaussian parameter. O

For the remainder of this section, we shall prove the following theorem:
Theorem 15. Let A € R™N be a random matriz with independent, isotropic and subgaussian rows with
the same subgaussian parameter c. If

m > Co 2(sln(eN/s) +1In(2e71)),

then the restricted isometry constant of m~'/2 A satisfies 65 < 6 with probability at least 1 — e.
Lemma 7. Let A € R™*N be a random matriz with independent, isotropic and subgaussian rows with the
same subgaussian parameters 3, k. Then for all x € RN, and all t € (0,1),

P(|lm ™" |Az[3 — |=]3] > t]]3) < 2exp(—ct*m)

where ¢ depends only on (B, K.
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Proof. Let x € RY. W.lo.g. assume that |z, = 1. Denote the rows of A by Y7,...,Y,, € R and consider

the random variables
2
Zy = |V, z)|° =3, 1€ m]

Since V] is isotropic, we have that E(Z;) = 0. Furthermore, Z; is subexponential since (Y7, x) is subgaussian:

1 r<l1,

P(Zi] > 1) < PV, ) > 7~ [of}) = P, ) 27— 1) < {ﬁem_ﬁ(r I,

So,
P(|Z)] = r) < Bexp(—Fr), Vr >0

where & =k and 3 = max{ e, e"}. Observe that

_ 1 2 1<
m Azl — Jof3 = = 3 (1%, o)~ Jal) = = 3" 2.
=1

=1

Since Y; are independent, Z; are also independent. So, by the Bernstein inequality for subexponential random
variables, for all ¢ € (0, 1),

1 — - R2m2t? /2 2
P ’*Z%‘?t =P ‘ZZI‘Etm é2€xp(—~~>§2exp(— = ~mt2>,
m = = 268m + kmt 48 + 2k

where the last inequality follows because ¢ € (0,1). O

Lemma 8 (Upper bound on covering). Let N € N and p € (0,1/2). For any S C [N], there exists a finite
subset U of
Bg = {a: e RV, Supp(z) C S, |z|2 < 1}
such that .
2
Card(U) < (1 + ) and mi(rjl |z —ul2 <p, Vz€ Bs.
P ue

Proof. Given a subset Y of {x € R® : |z]2 < 1}, let N(Y,7) be the smallest integer such that there exists
{asj}é\/zl C Y is an r-covering for Y i.e.
N

Y C U B(z;,r).
j=1

Define the packing number P(Y,r) to be the largest integer for which there exists a r-packing for Y: i.e.
there exists {J:j};.jzl C Y for which |z; — x| > r for all j # k.

First note that N'(Y,r) < P(Y,r). Indeed, any maximal packing {z;}7_, of Y is also a r-covering of ¥
because if there exists 2 not covered by U;ll B(xj,r), then |x — ;| > r for all j and hence, {z1,...,2zp,z}
is an r-packing of Y which contradicts our assumption that {z; }le is maximal.

Let P = P(Y,p) and let {x; }le be the maximal packing. Then, we have P nonintersecting balls of radius
p/2 inside B(0,1+ p/2). By comparing volumes, we have that

P
Vol U B(zj,p/2) | =P -Vol(B(z;,p/2)) < Vol(B(0,1+ p/2)).

Since Vol(B(0,t)) = t*Vol(B(0, 1)),



Therefore, N(Y, p) < (1 + %)S This concludes the proof since Bg can be identified with the unit ball of

dimension s.

O
Lecture 15
Theorem 16. Let A € R™*N be a random matriz such that for all t € (0,1),
P(|lAz]3 — 13| > tl23) < 2exp(—ct*m). (16)
For S C [N] with Card(S) = s and d,e € (0,1) if
m > C6 2(7s +21In(2e™ 1)),
where C' = 2/(3¢), then with probability at least 1 — ¢,
|AsAs — I|2 < 6.
Proof. Let U be as in Lemma 8. Let ¢ € (0,1), whose exact value will be determined later. Then,
P (|lAul3 — Jul3| > tJul} for some ue U) < >~ P (|l 4ul3 — Jul| > t]ul3)
ueU
< 2Card(U) exp (—ct*m) < 2 (1 + i) ) exp (—ct*m) .
So, we have just shown that with probability at least
1-2 (1 + i)é exp (—EtQm) ,
the matrix A satisfies:
Al — |ul}| < tlul3,  VueU. (17)

Let B = A5Ag — I, then (17) is equivalent to
|(Bu, u)| < t|ul3 < t, Yu e U.

Now, let « € Bg := {z; Supp(z) C S, |z|2 < 1}. Then, there exists u € U such that
Jlu—z|2 <p< 1
25 p 9"

So,

[(Bz, )| = [(Bu, u) + (B(z + u),  — u)]
< |(Bu, )|+ [(B(x +u), © — u)|
<t 4| Blzszlz + ul2]z — ul2
<t+ 2||B||2—>29~

Taking the maximum over all z € Bg, it follows that

t
1-2p°

|Bla—2 <t+2p|Blas2 = |Blas2 <

16



By choosing ¢ = (1 — 2p)d, we have that |B|2—2 < d. Therefore,
* 2 ° ~ 252
P(|AsAs — |22 =>0) <21+ ’ exp (—&(1 — 2p)*6*m) .
It follows that |AfAgs — I]2—2 < with probability at least 1 — ¢ provided that

m = ﬁé* (In(2+2/p)s +1In(2e71)) .

The conclusion follows by choosing p = 2/(e”/? — 1) ~ 0.0623 and this implies that

1 gé and 1n(1+2/p)gg.
(1-2p)2 =3 (1-2p) = 3

Theorem 17. Suppose that A is a random matriz such that (16) holds. If, for §,e € (0,1),
m > C6? (s(9+ 2In(N/s)) + 2In(2e 7)),

where C' = 2/(3¢), then with probability at least 1 —¢, the restricted isometry constant 65 of A satisfies §s < 0.

Proof. Recall that

0s = sup |ASAs — I]2—e2.
SC[N],Card(S)<s

From the proof of Theorem 16,
* o 2 ° o~ o 252
P(|AcAs — a2 > 0) <21+ p exp (—¢(1 —2p)*6*m) .

So,

N

PO, >0)< Y. BIASAs— Il 2 6) < 2(8

SC[N],Card(S)=s
N\’ 2\°
<2 <6> <1 + > exp (—&(1 — 2p)%6%m) .
E p

where we have applied Stirling’s estimate that for all n > k > 0, (Z) < (en/k)k. Making the choice
p=2/(e7/? — 1) yields the required result.

> <1 + i) exp (—¢(1 — 2p)*5°m)

O

Recovery of vectors which are sparse with respect to some ONB
Corollary 2. Let U € RN*N be a fized orthogonal matriz. Suppose that A € R™*N is a random matriz
which is drawn in accordance to a probablity distribution for which

P (|14213 ~ lal3| > t]13) < 2exp(~ctm),

for allt € (0,1), x € RN. Then, given 6,e € (0,1), the restricted isometry constant of AU satisfies 5, < &
with probability at least 1 — € provided that

m > %5*2 <5(9 + 21n(g)) + 21n(251)) .
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Proof. Let x € RN and 2’ = Uz. Then
P(||AUz|3 — |z]3] > tlz]3) = P(||Az"[3 — |2'|3| > t]2']3) < 2exp(—ct*m),

The conclusion follows from Theorem 17.

5.3 Relationship to Johnson-Lindenstrauss embeddings

The Johnson-Lindenstrauss lemma (Lemma 9) is not about sparsity, but closely related to the concentration
inequality for subgaussian matrices that we proved in Lemma 7.

Given a point set {z1,...,zp} C R, it is expensive to process these points when N is large. It is therefore
of interest to project them onto a low dimensional space while preserving geometric properties such as mutual
distances.

Lemma 9. Let x1,...,23 € RN and let n > 0. If m > Cn~2In(M), then there exists B € R™*N such that

(1 =)l — 23 < [B(a; — 2|3 < (1L +n)|z; — a3
for all §,1 € [M] with j #1. The constant C' > 0 is universal.

Proof. Consider E = {z; —x;; 1 <j <l < M}. Then, |[E| < M(M —1)/2. It is enough to show that there
exists B such that
1= n)z|® <[Bz|* < A+ n)z]®,  VzeE. (18)

Let B = \/—%A € R™*N be a subgaussian random matrix. Then, for any fixed z € E, by Lemma 7,
P(|[Bz[* — |2]?| = nl2|?) < 2 exp(—emn?).
Therefore, by applying the union bound, (18) holds with probability at least
1 — M?exp(—émn?) > 1 —¢,

provided that
m =& T2 In(M?/e).

Now, the existence of a map B is established as soon as ¢ < 1. Letting ¢ — 1, the claim of this lemma is
true with C' = ¢~ L. O

The following theorem shows that matrices with small restricted isometry constants give rise to Johnson-
Lindenstrauss embeddings:
Theorem 18. Let E C RY be a finite point set such that |E| = M. For n,e € (0,1), let A € R™*N
with restricted isometry constant satisfying dos < n/4 for some s > 161n(dM/e). Let v = (y1,...,7n) be
a Rademacher sequence and let D., be the diagonal matriz with v as its diagonal. Then, with probability at
least 1 — ¢,

(1 =)z} <[ADsz]3 < (L +m)|zl3,  Vze b (19)

Remark 4. We shall not prove this result, but simply make some comments:

1. The theorem is false without the sign randomization of the columns of A: there is not assumption on
the set E, and in particular, by choosing E C N'(A), we see that (19) is false without the matrix D.,.
The randomization of column signs essentially ensure that the probability that E NN (AD,) # 0 is
very small.
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2. There is an indirect lower bound on the embedding dimension m. Since we require that da5 < 1/4, one
would expect that m > Cn=2sIn“(N) for some « > 1. Since s > 161n(4M/¢), it follows that

m > COn~2sIn®(N)In(4M/e),

so there is an extra factor of In“(N) compared with the original Johnson-Lindenstrauss lemma.

6 Nonuniform recovery guarantees

The kind of recovery conditions (NSP, RIP) presented so far lead to universal recovery guarantees “Under
certain conditions, we can recover all s-sparse vectors”. However, one could consider the conditions for
nonuniform recovery guarantees: “For a fixed s-sparse vector x, under certain conditions, we can recover x”.
Theorem 19. Let A € C™*N and let x € CVN with Supp(x) = S. Suppose that either of the following
conditions are satisfied:

(a) |{vs, sign(z)s)| < |vse|1 for allv e N(A)\ {0}.
(b) Ag is injective and there exists p = A*h such that

ps = sign(x)s, |pj| <1, v] € 5.

Then, x is the unique solution to
min |z|; subject to Ax = Az.

Proof. Suppose that (a) holds. Let Az = Az with 2z # x. Let v =2 — 2 € N(A) \ {0}. Then,
Izl = lzsly + [zs< |1 = I(z = v)sl + Jvse s
> [((z —v)s, sign(@)s)| + [(v, sign(z)s)| > [(z, sign(z)s)| = ]

Therefore, x is the unique solution to basis pursuit.
Suppose that (b) holds. We aim to show that (a) holds: note that Avg = —Awvg. for all v € N(A) \ {0}.
Then,

(v, sign(@)s)| = |(vs, Ah)| = [{Avs, B)] = [{Avse, B)] < |(A*R)seloolvse s < Jvscls
where the last inequality follows because vge # 0. This is true since vge = 0, implies that Agvg = 0 which
is a contradiction to Ag being injective. O

Remark 5. In fact, we also have that (a) implies (b). In general, the converse to Theorem 19 is false.
However, in the case of real matrices and real vectors, one can show that uniqueness to basis pursuit for a
vector  implies that (a) holds. See the exercise sheet for details.
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