Topics in Mathematics of Information C. Poon

Approximation in bases

Background reading

These notes are based on the following sources:

1. Chapters 4,7,9 of: Stephane Mallat. A wavelet tour of signal processing: the sparse way. Academic
press, 2008.

2. Chapter 2 of: Eugenio Herndndez and Guido Weiss. A first course on wavelets. CRC press, 1996.

Lecture 1

1 Introduction

A ubiquitous problem in engineering or mathematics is the following:

Given a function f(t) defined for ¢t € R, for simplicity suppose that f € L?(R), how can we trans-
mit/store/analyse this function from finitely many values?

To give some examples:
1. f is a voice signal and we want to transmit it over a telephone line.
2. f is the cross-section of a body whose image we want to reconstruct using finitely many samples.
3. f is an image that we want to put onto a compact disk.
Suppose we have an orthonormal basis {g,, : n € Z} in L*(R), then we know that
f:chgm cn = [y gn)-
neZ

Then, the coefficients {c,, }»cz provides a discrete representation of f. In practice, we will choose some finite
set A C Z and process only the coefficients {c, }nea. One would hope that

~ chgn.

neA

From classical Fourier analysis, we know that { ﬁem “'k . | € Z} is an orthonormal basis of L2([— B, Br]).
So, given any f € L*([—Bm, Br)),

Fl) = 5o 3 FRBEE 1)

keZ

Recall that, the Fourier transform of f € L!(R) is defined by
/ f(z)e~®8de, £eR

and this definition can be extended to L?*(R) since L'(R) N L?(R) is dense in L*(R).
A direct consequence of (1) is the celebrated Shannon-Nyquist-Whittaker sampling theorem:



Theorem 1. Suppose f 1s piecewise smooth and continuous and f({) =0 for all |¢| > Bw. Then,

r@=%r(5)e (e 5):

kEZ

where p(x) = sin(B2) " We also have that

wBx
N = Zf(g)go(Z)%f in L>=(R).

kI<N

Although the Shannon-Nyquist-Whittaker theorem provides a discrete representation of functions and de-
scribes how one may approximate f with finitely many values. However, interpolation with ¢ is rarely used
in practice due to its slow decay. Furthermore, Fourier representations have the drawback of requiring many
samples or coefficients to represent localized events. More precisely, the support of the functions e**5 " over
the entire real line, so changing f locally will result in a change in all its coefficients f(kB~1).

Wavelets:
Definition 1. We say that a function 1 € L*(R) is a wavelet for L*(R) if

{%k 1= 20/2(27 - k) ; j,k € Z}

forms an orthonormal basis of L*(R).

In 1910, Haar constructed the wavelet basis (although it was not known as such), by choosing

Y="M1_1_1/2) — Li_1/2,0)s

he showed that 4 '
{z/}j,,c = 20/2)(20 . k) ; k€ Z}

forms an orthonormal basis of L#(R). The basis functions are compactly supported, and large coefficients
occur at sharp signal transitions (discontinuities) only.

In 1980, Stromberg discovered a piecewise linear wavelet ¢ which yields better approximation properties for
smooth functions. Unaware of this result, Meyer tried to prove that there does not exist a regular wavelet
which generates an orthonormal basis. Instead of proving this, his attempt led to the construction of an entire
family of orthonormal wavelet bases which are infinitely continuously differentiable. The work of Meyer led
to a scurry of research on wavelets throughout the late 1980’s and 1990’s. In the following sections, we shall
study the systematic approach of constructing orthonormal wavelet bases via multiresolution analysis, which
was established by Meyer and Mallat.

2 Multiresolution analysis

Definition 2. A multiresolution analysis (MRA) consists of a sequence of closed subspaces V; of L*(R),
with j € Z, satisfying the following.

(I) V; C Vg1 forall j € Z.
(I) For allj € Z, f € V; if and only if f(2-) € Vj41.
(II) lim; oo Vs = ez Vs = {0}



(V) sy s ¥y = U ¥ = L2(R).
(V) There exists ¢ € Vi such that {o(- — k) ; k € Z} is an orthonormal basis for Vp.
The function ¢ in (V) is called a scaling function for the MRA.

Note that condition (II) implies that {¢; ; k € Z} is an orthonormal basis for V;.

Lecture 2

2.1 On the conditions of an MRA

In the following, let T = [—m, 7). Recall that { T exp(in-) ; n € Z} is an orthonormal basis for L?(T).
Theorem 2. Recall the condztzons of Definition 2. Then, (I), (II) and (V) implies (III).

Proof. Assume (I), (II) and that {¢(- — k) ; k € Z} is an orthonormal basis of V. To prove (III), we need
to show that for all f € L2(R), |Pjf|rz — 0 as j — —oo, where P; is the orthogonal projection onto V;.

Suppose first that f € L2(R) is bounded with |f|. < A and has compact support in [~27,27]. Since
{¢jk; k € Z} is an orthonormal basis for V,

2J
P71 = S s = |27 [ o= B
2

kEZ ke
o7 2 27
<A Y (/ p(27t — )|dt> gAQZzJ“zJ'/ |p(27t — k)| dt
kez keZ -2/
oJ+i _
—a 2 [ @ de= 420 [ o) s, (@)
kEZ —27 =

where S; = Uy cp[k — 271, k +2779], provided that J+j < —1. Since 1g,(z) — 0 for a.e. € R as j — oo,
by the dominated convergence theorem,

/|cp(x)|2 1g,(z)da — 0, j — .

Therefore, |P;f|*> — 0 as j — co. Since the set of bounded functions with compact support is dense in
L%(R), it follows that for all f € L*(R), |P;f|*> — 0 as j — oc.

O

Theorem 3. Let {V;};cz be a sequence of closed subspaces of L*(R) satisfying (1), (II) and (V). Assume
that |p| is continuous at 0. Then

$(0)#£0 « [JV; = L*(R).

JEL
Moreover, if either case holds, |¢(0)] = 1.

Proof. Assume that ¢(0) # 0. Let W = {J;., V;. To prove that W = L?(R), we simply need to show that
+ =1{0}. For f € W, let R > 0 and let g € L?(R) be such that § = f]l[_R,R]. Let P; be the orthogonal



projection onto V;. By definition of f, P;f = 0 for all j € N. Moreover,

1Pl = 3 g, wa)? = Z\/ o)

kEZ

_ ;’;‘2_1'/2/“ @(2%> k2™ J£d£’ 72‘2 ]/2/ 2'x i 5)95(25]) 1k27j5d§‘2

provided that j is sufficiently large so that 27 > R. Note that {ek =

orthonormal basis for L?([-277, 27x]). So,

1Pgl? = 3 (@627, en)|* = / )

keZ

\/érﬁexp(ik;-/%) i ke Z} is an

§©@ )| de.

NOW7 |¢(27J£){ — |¢(0)‘ uniformly on [—R7 R] as ,7 — 00, SO

/_l (277¢)[ & — |a( |/ €) de = [ |/ e,

1 L2
IPigl* = 1Py~ PisP <la— P = o [ |ft@)] ae.
T JlgIzR
R ’2

|/ i) d</|£|>Rf(€

Since R is arbitrary and $(0) #£ 0, it follows that f = 0.

as j — oo. Also,

Therefore,

dé.

To prove the converse direction, let W = J._, V; = L*(R). Let f be such that f= 1(—1,1;. Then,

JEZL

1,4 1
2 2 _ 1
£ = oI F 1 =

Let P; be the orthogonal projection onto V;. Then, |P;jf — flz2 — 0 as j — oo by assumption. So,
|P; flrz = | f|z2. In particular,

1
2 .
”PJf”2L2:Z‘<f7 (Pj7/€>| _>;7 J — o0.

keZ

Sy 05a) /f

By Plancherel, we have that

So,

57 2

Pt = 3 X | | FOZ@E| = 723 / 3/2p( £ yemetra ag

kEZ kEZ

2 27 1 2

z&kdg _“ < RS T _v>

QZ/ y Pli—2-3 2-41)| »

T in keZ 2m ez V2

for j large enough such that [-277,279] C [—m, @1]. Since $1[_-; 2-5) € L*(T), we have that
27 2
27

2J
27r

. . 1
P _2-5 2-4) | dp | (w)[* dp — p



as j — oo. By continuity of |¢| at 0, the integral expression on the LHS tends to 2 [¢(0)| and it thus follows
that |¢(0)| = 1. O

Proposition 1. Let g € L?>(R). Then, {g(- — k) ; k € Z} is an orthonormal system if and only if

SlgE+2km)PP =1,  aefeR
keZ

Proof. Let di,0 equal 0 if £ # 0 and equal 1 if £ = 0. By Plancherel,

[ gl —Rde = 5 [ a(a@enac.
R m
So,
- 1 .
[ stagta=mis = o [1aP e
1 2m(n+1) . ke
=2ﬂ2€;/2 3(§)1 e™dg
B 1 2m . > ke
—%Z/ 9(€ + 2mm)* e*<die
27
=% | (Z |§(£+2m>|2> e’ dg.
nez
Therefore,

S = / o(2)9( — F)da

if and only if the 27-periodic function ) ., [9(£ + 27n)|* has its zeroth Fourier coefficient equal to 1 and
all other Fourier coefficients equal to 0, i.e.

Z l§(€ 4 2mn)> =1, a.e..

ne”Z

2.2 Construction of wavelets from an MRA

Let Wy be the orthogonal complement of Vj in V7, so that
Vi =W e W,
If we dilate elements in Wy by 27 (for ¢ € Wy, consider ¢(27-)), we get W; such that
Vi =V, e W, Vj € Z.
Since V; — {0} as j — —oo, we have that

Vin=V,eW; =Via oW, oW, = al__ Wi

l=—00
Also, since V; — L?(R) as j — 400,
L*R)= @& W;.
jEZ
If we can find ¢ € Wy such that {1 }rez is an orthonormal basis of Wy, then {t; x }xez is an orthonormal
basis of W; (by (II)). This implies that
{wj,k 5 jak € Z}

is an orthonormal basis of L?(R).



The low pass filter Note that
1 .
5@(5) € Vfl C V().
By (V), )
590(5) = Zak@(' + k)
k

where
1

r— 2
a = 5/90(5)(,0(%—|—l<;)d3:, Z|Ozk\ < 00.

k

By applying the Fourier transform,

B(26) = arp(£)e™ = mo(&)e(©).
k

The 27-periodic function mg(§) = Y, are*s is an element of L*(T) and is call the low pass filter of .
Lemma 1. For a.e. £ € R, [mo(¢)]* + |mo(¢ +7))* = 1.

Proof. By Proposition 1, ZkeZ |p(2€ + 2k7r)|2 =1 for a.e. £ € R. Since $(2£) = p(§)mo(§),
371 + kmymo(€ + km)* = 1.
kEZ

By splitting the sum over odd and even indices, and using the fact that mq is 27-periodic,

1= " [@(€ + 2km)mo(§)]* + D |6(€ + (2k + m)mo(§ + )

kez kez
= [mo(&)” + [mo(§ + ).

O
Theorem 4. Let {V;}jcz be an MRA with scaling function ¢ and low pass filter mg. Let ¢ be such that

D) = e Zmo(€/2 + m)(£/2)-
Let Wy = Span {0 ; k € Z}. Then,
(i) ¥ € Vi,
(11) {Yox ; k € Z} is an orthonormal basis of Wy.
(iii) Vo L W.
(iv) Vi = Vo +Wo.

Proof.

(i) We first show that f € V; if and only if there exists a 2m-periodic function g € L2(T) such that f(£) =
9(&)@(8):

Let f € Vo. Then, f = >, bipo,, for some b € £2(Z). By applying the Fourier transform

F©) = brem™p(9),

kEZ



where g(&) := .oz bie ¢ is a 2m-periodic function in L*(T). Conversely, if F(€) = g(&)@(€) for some
27-periodic function which is in L?(T), then

27
/ 6()g(E) de = / Z|¢§+2kw)| 9(€)d€ = |92, < 0.

Therefore, ¢(€)g(€) € L2(R) and by applying the inverse Fourier transform to f, we have that f € V.

So, ¥ € V; if and only if ¢(-/2) € Vy, and by the derived condition, this holds if and only if 21[)(25) =g(&)¢(§)
for some g € L*(T), 2n-periodic. This is certainly true by definition of 1.

Lecture 3
From now on, let us write 1) = g(-/2)@(-/2) where g(£) = emq(€ + 7).

(ii) By the same argument as in Proposition 1, for 1) = g(-/2)$(-/2), then one can show that {tg s }rez is an
orthonormal system if and only if

9/ +1g(¢/2+ )" =1 (2)
for a.e. £ € R. By Lemma 1, this is certainly true for our choice of g. Hence, {1 1 }rez is an orthonormal
basis of Wj.

(iii) Let us establish that Vy L Wy. This is true if and only if {¢o}r and {to x}r are orthogonal families,
that is:

<'l/}7 900,77,> = 07 Vn € Z.

Now,

27
0= (i o) = 5= [ DO = 5= [ S e+ 2ek)EE + 2RI e

keZ

for all n € Z if and only if
> (€ + 2mk)G(E + 2mk) = 0 (3)

kez
for a.e. & € R. Recall that 9(2¢) = g(€)@(€) and $(26) = mg(€)@(€). Therefore, (3) is equivalent to

D 9(&/2 + mh)mo(€/2 + wk) |$(§/2 + k)| = 0.
kEZ

By splitting this sum of the odd and even integers and applying Proposition 1, we get that V L Wy if and
only if

9(&)mo (&) + 9§ +m)mo(§ +m) =0 (4)

which is true by our choice of g.

(iv) To show that Vi = Vi + Wy, it is equivalent to showing that for all a € ¢?(Z), there exists b, c € ¢*(Z)

such that
2 Z anp(2t —n) = Z bno(t —n) + Z cpth(t —n).

neEZ neZ nez

By applying the Fourier transform, this equation becomes

Zae ’"5/2A§/2 Zb et +Zce méw

neZ nez nez
—_— —_—
A(g/2) B(¢) c(6)

= B(©)mo(£/2)¢(£/2) + C(§)g(£/2)¢(£/2)-




It is therefore enough to show that for all 27r-periodic functions A € L?(T), there exists 2r-periodic functions
B,C € L*(T) such that

A(£/2) = B(§)mo(£/2) + C(§)g(£/2).

One can verify, as a result of Lemma 1, (2) and (4), that

) an
B(§) ymo(€/2) + A(E/2 + m)mo(§/2 + ),
c(6) )9(€/2) + A(§/2 + m)g(€/2 + m),

A(e
G

/2
/2
are appropriate choices.

O

Remark 1. Actually, {10 }rez is an orthonormal basis of Wy, the orthogonal complement of Vj in V7, if and
only if there exists some 2m-periodic function v with [v(z)| = 1 a.e. such that ¢ = e%/2u(&)mo(£/2 + m)p(£/2).

We have therefore shown that given any MRA and scaling function, we can always construct an orthonormal
wavelet by

(&) = e mg(€/2 + m)p(£/2).

Recall also that

B(26) = p(Omo(&),  mo(§) =D ape™

kEZ
So,
$(28) = € p(6) Y e M (—1)F = (&) = @(¢/2) Y ape BTk

kEZ kEZ

and by taking the Fourier transform,

—QZ Yarp(2z — (k—1)).

kEZ

Remark 2. Not all wavelets are associated with an MRA, however, non-MRA wavelets are rare. In particular,

if ¢ is an orthonormal wavelet such that any of the following conditions hold, then it must be an MRA wavelet.
e ) is compactly supported.

o |0 1/2—a

is continuous and ‘ﬁ(z)‘ = O(Jz|~ ) for some a > 0.

e 1) is bandlimited and ‘1[)’ is continuous.

3 Choosing a wavelet

Most applications of wavelet bases exploit their ability to efficiently approximate particular classes of func-
tions with few nonzero wavelet coefficients. Therefore, we would like a wavelet such that most of the
coefficients (f, 1) ~ 0. There are generally 3 desirable qualities:

e decay
e vanishing moments

e smoothness
Definition 3. We say that v has p vanishing moments if ftk’(/J(t)dt =0 forallk=0,...,p—1.



Note that if ¢ has p vanishing moments, then (f, ©) = 0 whenever f is a polynomial of degree at most p— 1.
In general, if f has very few discontinuities and is smooth between the discontinuities, then one may want
to choose a wavelet with many vanishing moments. On the other hand, as the density of the singularities
increase, one may wish to find a wavelet with smaller support at the cost of reducing the number of vanishing
moments.

Although the size of the support and the number of vanishing moments are not directly linked, one can show
that the size of the support of an orthogonal wavelet with p vanishing moments necessarily have support of
size at least 2p — 1.

We will now prove that smoothness in a wavelet in fact implies the vanishing moments property.
Proposition 2. Suppose that 1 is an orthonormal wavelet. For | € N, assume that

o pel,
o ) is bounded on R for s =0,...,1,
o |[Y(x)] < C/(1+ |z|)* for some a > 1+ 1.

Then, ¥ has | + 1 vanishing moments.

Proof. For a contradiction, let us assume that we can let s be the smallest integer in {0,...,I} such that
Jz*y(z) #0

Since ¢ is not a polynomial, 1)(*) # 0. Let a = k27 with J > 0 be such that () (a) # 0. Using Taylor’s
formula,

= ZaT(x —a)" + R(x)
r=0

where a, = &,(Q), and the remainder R satisfies |R(x)| < O |z — al® for all z € R and

Ve >0,36 >0 |R(z)| <elz—al”, whenever |z —a| <6

From our assumption of ¢(*)(a) # 0, as # 0. For j > J, let kj = 27a = 2977k € Z. Then, since ¢ is an
orthogonal wavelet,

/¢ S @z =k )da = 0.

So, letting u = = — a,
/ (Z aru” + R(u + a)) P(29u)du = 0.
r=0

For r < s, by our choice of s, [u"¢(27u)du = 0, so

f/@ww@mmu:/3@+aw@mmw

Putting = = 27u,

. _9j+js
—2i [aw@ie = [ R+ ap@ide = [o9@ar= 22 [ Rt i@
as

To conclude this proof, we simply need to show that the RHS tends to 0 as j — oc.



By recalling the properties of R, So

3 PR — P -
2J+JS/R P2 a)du = 2-j+-j55/ |u|8¢(2ju)du+C’2J+Js/ lu|* PP u)du
-0 |u|>d
< 027t /(S _ du + CC'Qj“S/ B u
h (1+|2ju\)a fuj>s (1 +[27ul)®

< Ce /2J§ dt—|—C’Cl/ Ldt
235 ( |t| ju>2i5 (L[t

—0 as j—o0

3.1 Examples of wavelets

The Haar wavelet Let V; be the set of functions in L? which are constant on [n277, (n + 1)2779) for
n € 7Z. Then. {Vj}jez is an MRA with scaling function ¢ = 1j_; ). The corresponding low pass filter is
mo = 3(1+ €'). Since

L= eppsin(é/2)

O T ey

the wavelet 1) satisfies _ )
By = e LoD sin®(€/4)
—i€ §/4

This is the Fourier transform of ¢ = 1_1 _1/9) — L [_1/2,0)-

Lecture 4

The Shannon wavelet Let V; be the set of functions in L?(R) whose Fourier transform have support
contained in [—277, 2/7r]. Then,

o ¢(z) =sin(wx)/(mx) is so that {¢gn}nez is an orthonormal basis of V5. One can verify that this is a
scaling function for MRA {V;};cz.

e Recall that the low pass filter mg satisfies
P(28) = L7 71 (28) = B(E)M0(8) = Li—r 7] (§)120(8)-

So, mo = L [_x/2,7/2)-

o (&) = Lo —mjuir,2x) (§) exp(i&/2), and so,

sin(2mx) + cos(mx)

¥(@) = - m(2x + 1)

Since ) has compact support, 1 is C°°, but observe that it decays slowly in time. In particular, [1(x)]
decays like |z| ™" since ) is discontinuous as +7 and +27.

10



Meyer’s wavelet The scaling function of Meyer’s wavelet is defined in the Fourier domain by

1 |€] < 27/3
p(&) = qeos[Fr(z €l -1)] F < <F
0 otherwise,

where v € C* or C*° is a monotone function which satisfies v(z) = 0 for all x < 0, v(z) = 1 for z > 1 and
v(z) +v(l —z) =1 for all z € R. One can show that the associated wavelet is such that

0 €] < 27/3

co e EsinEu(E g 1)) F <<
e/ cos[Fr(E 6 —1)] <<
0 otherwise.

e Since ¢ and ’(ZJ have compact support, ¢ and 1 are C'*°.

e The smoother transition in ¢ (compare with that of the Shannon scaling function) results in faster
decay in time. If v € C°°, then for all N, there exists Ay such that
AN AN

Tr ey PO G

lP(x)] <

We remark however that although there is fast asymptotic decay, the constant Ay grows with N and
in practice, the numerical decay of ¥ may be slow.

e Note that ©(0) = 0 and %&(O) = 0 for all n € N. Since given ¢(t) = (—it)"f(t), §(§) = (f—f({)
follows that

3(0) = (=i [ " (®yde = 0 (0)
Going back to v, we see that
/t”w(t)dt =0, Yn € N.

One can in fact relax the requirement of an orthonormal basis (V) to the requirement of a Riesz basis. This
is sometimes useful in the construction of wavelets.

Definition 4. Let H be a Hilbert space. A sequence {g}trez C H is called a Riesz sequence if there exists
B > A > 0 such that for all c € (*(Z),

A enl® < 1D ergilz < B el
k k

keZ

Moreover, if Span{gi trez = H, then it is called a Riesz basis.

We first require a result about Riesz bases (for a proof, see [Ch 2, Hernandez & Weiss].):

Lemma 2. Let g € L*(R) and let 04(§) = \/ZkeZ |§(€ + 2km)|>. Then, {g(- — k) ; k € Z} is a Riesz basis,
i.e. there exists B > A > 0 such that

AY e <1 ergl- = k)l \BZ\CH
k

kEZ

if and only if
0,(€) € [VA, VB, a.e.§ €R.

Proposition 3. Suppose that ¢ € L*(R) is such that {p(- — k) ; k € Z} is a Riesz basis of a closed subspace
Vo of L3(R). Let v be such that 4 = ¢/o,. Then, {v(- — k) ; k € Z} is an orthonormal basis for Vp.

11



Proof. Let 4 = ¢/o,. Since 1/0, € [1/VB,1/VA], ¥ € L*>(R) and so, v € L?(R). Note also that 1/0,, and
o, are both 27 periodic functions, and as elements of L?(T), there exist sequences (aj) and (b;) such that

I —ike _ —ike
PG f;ake 0,(&) f;bke .

Also,
H(€) = @)D are ™, p(6) =A(€) Y bre ™,
k

and this implies that

V@)= arplz—k),  p@) = bpy(z—k).
K B

So, v € span{por ; k€ Z} and ¢ € span{vyo ; k € Z}. Therefore, Vy = span{vo ; k € Z}. Finally, by
definition of 4 and since o, is 27-periodic,

1
dOE+ 2k = 5= D g€ +2%km)[P =1,  aeeR
d 20 %
By Proposition 1, we may conclude that {vyo ; k € Z} is an orthonormal basis of V. O

Spline wavelets The space V; of degree m > 0 is the set of functions that are m — 1 continuously
differentiable and equal to a polynomial of degree m on the interval [n277, (n + 1)277] for all n € Z. Let
AO = 1[071], Al = ]].{071] *]1[071] and for m > 2:

A" = Am71 * ]1[0}1].

We call A™ the basic spline of order m, and one can check that {A™(- — k) : k € Z} forms a Riesz basis of
— . . m—+1
Vp of order m. Furthermore, A™ has support [0,m + 1] and A™(¢) = e~ Hm+1)&/2 (%) )

From the Proposition 3, we can obtain a scaling function by choosing ¢ to be such that

_ A™(§) _ exp(—i(m +1)§/2)

B — 2 Emti Ponya(§)
ke | B + 208

where P, (§) = \/%'

From properties of the basic spline of degree m, the associated wavelet )" and scaling function ¢™ are both
m — 1 differentiable and the wavelet has m + 1 vanishing moments. Furthermore, the functions

¢(£)

djwm dj<pm
dxd ’ dxi ’

i=0,1,...,m—1,

all have exponential decay.

4 Construction of compactly supported wavelets

4.0.1 Construction using the low pass filter

The following theorem describes how to construct an MRA given a low pass filter.

12



Theorem 5. Suppose that m(§) = Zi:T ape*t satisfies

(i) m(&)]> + |m(E +7)[> =1, for all € € R.

(i) m(0) = 1.
(111) m(€) #0 for all £ € [—7/2,7/2].
Then,
(&) = [ [m279)
j=1

converges uniformly on compact sets, ©(£) is continuous, in L?(R) and ¢ such that ¢ = © has support in
[-S,—T] and is a scaling function for an MRA. In this case,

S
P(@) =2 arp(2r — (k—1))(—1)*
k=T

is a compactly supported wavelet with support contained in [(T —S —1)/2,(S —T —1)/2].
Remark 3. Some remarks about the conditions in Theorem 5:

(i) From Lemma 1, we know this is necessary if m is a low pass filter of an MRA.

(ii) If ¢ is a continuous scaling function (which is true if ¢ € L'), then |¢(0)| = 1. Assume that ¢(0) =
then, from $(§) = m({/2)p(£/2), it follows that m(0) = 1. Also, repeated application of ()
m(€/2)$(€/2) yields $(€) = [, mo(2776).

(iii) One can check that m(&) = (1 + €%)/2 satisfies conditions (i)-(iii), [Tis1 m(277¢) = eif/Qw which

is the Fourier transform of 1j_ ), the Haar scaling function. Note however that m; () := m(3¢)
satisfies conditions (i), (ii) but not (iii). One can check that [];-, m1(277¢) is the Fourier transform

of %1[_370]. So, a condition like (iii) is needed to ensure orthogonality of the translates.

L

Lecture 5
Lemma 3. If m(§) is a trigonometric polynomial and (i) and (i) of Theorem 5 hold, then

() = [[m279)

converges uniformly on compact sets and [ |®(§)|2 d¢ < 2m. If we assume also (iii) of Theorem 5, then

o 10 e *eag =,
and if @ is such that ¢ = O, then {¢(- — k) : k € Z} forms an orthonormal system.
Proof. First note that by (ii), there exists C' > 0 such that
Im(§) —1[ < Cl¢].
Let Iy = []}_, m(277¢). Then,

C
M a() — (@) < [Ty (©)] (/2™ — 1] < S

13



where we have used the fact that [m(€)| < 1 for all £ € R (which follows from (i)). By applying the triangle
inequality, for all N, M € N,

N2 (§) — Un (O] < Mngamr(§) — Ungpar—1(9] + - + [Mnvi2(€) — Oy (§)] + [Mn+1(€) — Uy (6)]
M

clgl _ Clel
<Z:QNJrj S TON °
j=1

So, Il converges uniformly to © compact sets. Moreover, as the uniform limit of continuous functions, ©
is also a continuous function.

Let gn (&) = TIn (€)1 —anpon ) (€) = TN ()L 1r /2,y (27N 71E). Let

2N
th= [lav@Peae= [ " imaof e s

Observe that Iy is a 2V 7-periodic function. So, by applying (i),

ko _
IN_/
0
2N x 2Nx

N / |m(27N5)|2 Mn_1 (&) e *edg + / |m(2 V¢ + 7r)|2 y_1 (&) e *edg
0 0

2N+1ﬂ, 2N+17‘_

2N
My(©F e *ag = [ a@Pe g [ @ e g
0 2N

27 )
=t = [ w2 e e

—27

By a change of variable, we see that

=2 [ pmioe*trau=2 [

- -7

0 27 k=0

2 2\ —2ik
+ i+ idp =
() 2+ m(a+ )P {0 o
Since |m(€)| < 1 for all £ € R by (i), we have that

2N

[ e@r < iy =2 — lol <on
—2N

To prove the last part, assume now that (iii) holds. Now, if we can show that for all £ € R, [gn(£)| < &7 [©(8)],
then applying the dominated convergence theorem to the equality I¥ = 276 &,0 would yield the required result.

Since m is a continuous function, (i) and (iii) imply that there exists C' > 0 such that
m(§)|>C,  V§e[-n/2,7/2].
Note also that ©(0) = 1 (as it is uniformly convergent on [—m,7]) and there exists M > 0 such that
o2~ M) >1/2,  VEe[-m, .
From this, we have that for all £ € [—7, 7],
| TI m2 70| = | [T m(2 7+ 2)| = [o(g2 )] > 172.
jzM j>1

So, for ¢ € [—m, 7],
M-1 . ' oM /
0@ = [ Im@7e)]- I] Im279]> —5—=">0.

j=1 i=M

14



By writing ©(¢) = TIx (£)©(27N¢), we see that for all ¢ € [-2Nm, 2N 7],

Cl

My ()| < [In(©0E )| = o).

So, for all £ € R, [gn(§)| < & [0(€)]. Now, gn(§) = O(€) ae. £ € R and by the dominated convergence
theorem,

_ | , k=
[10@F -t = [ i lon(©F e dg = tim_ [ law(@)f g = {5” o

By splitting the integral on the LHS of the above inequality into an integral over intervals of length 27, we
see that all Fourier coefficients of the 27-periodic function )7, , [©(& + 2lm)|)? are zero, except for the Oth
coefficient. Therefore,

dMeE+anfP =1, ae

leZ

and by Proposition 1, {¢(- — k) : k € Z} is an orthonormal system.

Lemma 4. Let m(§) = ES:T ape’s satisfy (i) and (ii). Let ©(§) be as in Theorem 5. Then, Supp(6) C
[-S,=T]. If ar’s are real numbers, then © is a real valued function.

Proof. Since m satisfies (i) and (ii), from Lemma 3, we know that © and Iy = vazl m(277.) are well
defined functions in L?(R).

Now, as m is a trigonometric polynomial, we see that IIy(€) is a finite linear combination of terms of the

form N
exp(i(3 279p,)¢)
j=1

where p; € [T, S]. So, in a distributional sense, the inverse Fourier transform of Il is a finite linear combi-
nation of Dirac functions of the form d, where a = — Z;\le 277p;: By writing IIx(§) = Zle Bi exp(ia;§),
for all g € C(R),

. 1
(Un, g) = HN; a) Zﬁz exp(ia;-) 2519 —ay) Zﬂﬁ-w g)-

In particular, Iy is supported on [—S, —T). So, given any f € C*° such that Supp(f) N [=S,—T] =0, f is
in the Schwartz space, so by applying Plancherel, Lemma 3 and the above observation:

(6. 1) = 5-(0, f) = Jim 5 (Tlx, f(©)

2 N —oc0

Jim ( Zﬁla_al, f)=o.

Since f is arbitrary, this implies that Supp(E) C [-S,=T]. If ai’s are real, then the 3;’s in IIy are a real
valued. So, if f € C* is real valued, then [ ©(t)f(¢)dt is also real valued. So, © is real. O

Proof of Theorem 5. By Lemma 3 and Lemma 4, ¢ is well-defined and compactly supported. Furthermore,
the following properties are satisfied:

(i) {®o0.k}kez is an orthonormal basis in L?(R).

15



(i) @(-/2) = 24 axp(- = k).
(iii) ¢(&) is continuous and ¢(0) # 0.
Note that (ii) follows from taking the Fourier transform of ¢(2¢) = m(€)@(€). Let us define V; = {f(27) :

f € Vo} and consider the MRA properties (I)-(V): Clearly, (II) holds. Also, (i) implies (V) and (ii) implies
(I). By Theorem 2, (IIT) follows. Finally, since $(0) # 0 and ¢ is continuous, Lemma 3 implies (IV).

O

4.0.2 Daubechies wavelets

Daubechies constructed a family of compacted supported wavelets with arbitrarily many vanishing moments.
The constructed can be summarized as follows: First define a non-negative trigonometric polynomial M such
that

(i) M(§)+M(E+m) =1, for all £ € R.
(i) M(0) =1.
(i) M (&) #0 for all £ € [-7/2,7/2].

In particular, for each odd integer N = 2K — 1, M is chosen to be the first sum on the right hand side of
the identity

K—1 2K—1 2K —1—j i
1= <Cos2 € L gin? 5) Z) <2Kj_ 1> N z;( <2Kj— 1> <COS2 g) j (sin2 g)]
Jj= Jj=

It is clear that conditions (ii) and (iii) hold, and condition (i) holds by symmetry of the binomial coefficients
and since cos?(¢£ +7/2) = sin?(£). One can then extract a trigonometric polynomial m (of the same degree)
from M such that M (&) = |m(¢)[*. This polynomial m would therefore satisfies the condition of Theorem 5,
thus leading to the construction of a compactly supported scaling function and wavelet can be constructed.
This ‘extraction of the square root’ is possible by the following lemma:

Lemma 5 (Riesz). If g(§) = ZngT vie€ is a nonnegative trigonometric polynomial with real coefficients,

then there exists m(§) = Zi;o are™®€ with real coefficients such that |m(€)* = g(&).

Remark 4. We will not prove Lemma 5, the reader can refer to [Chapter 2, Hernandez & Weiss] for a proof
of this result. However, we will remark only that the proof of this lemma is constructive. Moreover, the
function m is in general not unique, and different choices of m will lead to different wavelets.

Examples

1. In the case K = 1, M(t) = cos® £ = (/2 cos L)(e /2 cos L) = |m(t)|*, where m(t) = e?/?cos & =
(1 + €)/2 which is the low pass filter associated with the Haar wavelet.

2. In the case K = 2:

st 3 oo (o ) o o ) o)
il COb( )—Hfmn( )

m(t) = cos (> <cos( > +iv3sin (;)) o(t)

2
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where « is such that |a(t)| = 1 and will be determined later. By writing
" cit/2 4 o—it/2 ¢ eit/2 _ p—it/2
o8 (2) =Ty o (2) T2

we have that

m(t) = 3 (e” + 2+ e_”) (e”/2 +e /2 4 \/3e1t/2 \/36_”/2) a(t)
_ 68 (eﬂt I 1)2 (en/z Loemit/2 4 \[3eit/2 \/gefzt/2> alt)

Choosing a(t) = e~%/2 yields m(t) = P(e~*) where P is such that

((1+\/§)+(3+\/§)z+(3—\/§)Z2+(1—\/§)z3): <1+\/§+1\/§z> (14 2)%

P(z) =

ool —

8 8

Lecture 6

Vanishing moments The wavelet constructed via Daubechies’ construction has K vanishing moments:
In general, for each K, the low pass filter is my (t) = Pk (e~ %) where

Pr(2) = (z + 1)X Pg(2)
and Py is a polynomial of degree K — 1 such that Pg(—1) # 0.

The associated scaling function ¢ and wavelet ¥ are such that

orc(€) = [[ Pl /%), dx() = &/2Pr(—e*/2)pxc (£/2).

j>1
One can now check that
~ () 0 j=0,..., K—-1
P (-1)K!(i/2)* j=K.

It therefore follows that ¥k has K vanishing moments. Note also that by Theorem 5, ¢ and ¥ both have
support of size N = 2K — 1.

Remark 5 (Smoothness). Through her construction, Daubechies was able to show that: there exists a
constant ¢y such that for all » > 0, there exists a wavelet ¢ € C” such that |Supp(y))| = N < cor.

5 Fast wavelet transform

For j,n € Z, let
Ajn = <fa <;0j,n>a dj,n = <fa ¢j,n>-

Recall that V; = Vo @ Wy @ --- © Wy_;. Given any f € Vy,
J—1
F=Y"ainpin, F=Y aon@on+ Y dintin,
n n j=0 n

Definition 5. For L < J, the orthogonal wavelet representation of {ajn}nez consists of the wavelet coeffi-
cients at scales between L and J — 1, and the scaling coefficients at scale L:

{din}r<ici—inezU{ar ntnez

We first consider one level of the decomposition V; = V;_1 ®W;_;. In particular, we discuss how to efficiently
obtain {a;j_1,n,dj—1,n}n from {a;,}, and vice versa.

17



5.1 Decomposition and reconstruction

Recall that

)= ZakSO(' +k), ap = %/@(g)go(x + k)dz.
k

So,
Pij—1n = \/izak@jgn—k-
kEZ
Also,
=" Bep(-+k), /w o(a + k)dz,
k
and
Gj1n =V2D  Brpjan—k-
keZ
In fact, B = al_k(—l)k+1.
Decomposition
@1 = (f, @jm1n) = (f, V2Y_ owjon—k) = V2D Trajon_k = V2(a; x@)[2n].
kEZ k
j 1,n = <fa 7/)] 1 n <fa ﬁ26k¢j,2n—k> = ﬁZBkaj,Qn—k = \/§(CL]' *B)[Qn]
kEZ k
Reconstruction

Zag‘,n@j,n = Zajq,@jq,n + Zdjq,n%ﬂ,n
—Za] 1,n (fzak% 2n— k) +Zdj 1,n (fZﬂkaQn k)

kEZ kezZ
1=2n—k
=~
= Zaj—l,n ( Za?n 193, l) +Zd] 1,n (fZBQn 193, l)
n IEZ LeZ
- Z@jl (fzaj 1,n 21— l+dj 1nﬁ2n l>
leZ
Therefore,
Ajpn = \/52 a1,k Q2%—n + dj—1 1k B2k—n
k
Let @j = Q_j, Bj = ﬂ_j and let
a; n even < d; n even
dj,n _ jn/2 7- dj,n _ j.n/2 a.
0 otherwise, 0 otherwise.

Then, B ~
Ajn = \/5((%‘71 * @ + dj,1 *ﬂ)n

18



Initialisation
Lemma 6. Suppose that f is continuous on R and ¢ € L*(R), [¢ =1 and Supp(p) C [—R, R]. Then, for
all x € R

‘f(x) ~2 /f(x + y)w(ij)dy’ =0
as j — o0o. Moreover, if f is uniformly continuous, then this convergence is uniform.

Proof. Observe that,

@) =2 [ s+ 0@ = 2 [~ s+ )@y

<leler sup |f(z) = flz+1)].
ltl<2-iR

- ] JU@ - e+ 2z

Since f is continuous, given any e > 0, supj<o-ig |f(z) — f(z +1)| < € by taking j sufficiently large.
Moreover, if f is uniformly continuous, the choice of j is independent of x. O

Therefore, plugging in x = n/2’ in the above lemma, we see that

2 [ 1@y =)~ fo/2).

Computational complexity Suppose that Supp(f) C [0,1], and aj, d; are of length 27. The forward
and inverse wavelet transforms are respectively:
T_
W {aJ,n}i:ol — {dj,n}ngéJfl,Ognngfl U {aL,n}ogngqu
— ‘]7
Wt {dj,n}ngngLOgngQJfl U {G’L,H}Oénéﬂ‘fl = {aJ,n}i:ol~

Now, if @ and 8 have K nonzero coefficients (this is the case for compactly supported wavelets), then,
the decomposition of a; into a;_; and d;j_; is computed with 2/ K elementary operations. So, the forward
wavelet transform on ay and N = 27 is calculated with at most 2K N elementary computations. Similarly,
the reconstruction of a; from a;j_; and d;_ is obtained with 27 K elementary operations. So, the cost of the
inverse wavelet transform is at most 2K N.

Wavelet graphs The reconstruction formula provides a way of approximating the graphs of the wavelet
and scaling functions.

Let f = ¢, then, the wavelet representation of f in Vo @ Wy @ --- @ Wy_q is

{ao0} U{dj}j=o,...0-1, ao0 = 1,d;k = 0.
k=0,...,29 -1

Computing the inverse wavelet transform on this sequence yields {a J’k}iigl where a ), =~ 277/%p(k/27).

Similarly, the wavelet representation of f = 1) is

{ao,0} U{djr}j=0,....0-1, ap,0 = 0,doo =1,dj =0 Vj>0.
k=0,...,29 —1

. . . ) s . : 271 ~ 9—J/2 J
Computing the inverse wavelet transform on this sequence yields {ax};_,” where aj ~ 2 P(k/27)
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6 Wavelets on the interval

To decompose signals defined on [0, 1], it is necessary to construct wavelet bases for L?[0,1]. A couple of
simple approaches to constructing a basis for L2[0,1] from a compactly supported wavelet basis of L?(R)
include:

e simply discarding those wavelets whose support do not intersect [0,1]. When considering the wavelet
coefficients of f € L?[0, 1], this is equivalent to extending f to R by setting f(t) = 0 on t ¢ [0, 1].

e periodizing the wavelets, so letting ¢7%" (z) = 3= ;1 (v +j). When considering the wavelet coefficients
of f € L?[0, 1], this is equivalent taking the wavelet coefficients of fP", where fP°" is the periodization
of f such that fPe"(t) = fP"(t 4 1) for all t € R and fP"1jg 1) = fl1-

The problem with these approaches is that the vanishing moments property is not preserved, and unless f
is supported on (0,1), we will effectively be treating f as discontinuous at ¢ = 0, 1 and this will lead to large
wavelet coefficients at the boundary.

Lecture 7

An alternative approach by Cohen, Daubechies and Vial is to keep only those wavelets with support inside
[0, 1] and introduce modified wavelets near the boundary points 0 and 1. Note that if ¢ has compact support,
then there are a constant number of wavelets at each scale whose support overlaps t = 0 or ¢ = 1.

Suppose that the scaling function ¢ and wavelet ¢ have supports in [—p + 1,p]. Then, at scale j so that
27 > 2p, there are 2/ — 2p scaling functions with support inside [0, 1], so these scaling functions are not
modified:

P =i, m=p,..,2 —p— L.

To construct an approximation space V™ of dimension 27, we then add p scaling functions on the left
boundary near ¢ = 0, ) ,
(p;nt = 9I/2 et (97, n=20,...,p—1

and p scaling functions on the right boundary near ¢t = 1:
pint = 22prieht(91) =2 —p,.. Y — 1.
Similarly, at scale j, there are 29 — 2p wavelets with support inside [0, 1], so these wavelets are not modified:

mt = Yjn, n=p,...,20 —p—1.
We then add p wavelets on the left boundary near ¢ = 0,

ot = I/ 2yleft (2., n=0,...,p—1

and p wavelets on the right boundary near ¢t = 1:

Pint = 21/ 2yright(2d.) p =21 —p ... 20 — 1.

)

The boundary wavelets and boundary scaling functions can be written as a finite linear combination of
{o(- —=n),p(—-+n); n € Z}. So, all the smoothness properties of the original scaling function also hold
true for the boundary elements.

One can show that by choosing
Vint_span{wmt. 0,...,2j—1}, Wjintzspan{ @nt.n:07...’2j_1},

Jmn Jm

1. {¢ m,f 2’ 0 is an orthonormal basis of V”‘t
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int int
2. Vint c vt

3 T o0 Vi™ = Uz iog, (2 Vi = L7((0,1])-
4. Vint = vint g Wint.
5. For any J with 27 > 2p, L?[0,1] = Vi"t ¢ @j)Jant. So,

int127 —1 int129—1
{(pJ,n n=0 > U{¢j,n n=0
j=J

is an orthonormal basis of L2([0, 1]).

7 Wavelet bases in higher dimensions

For simplicity, we will discuss only the two-dimensional base. Higher dimensional cases can be treated in an
analogous manner.

One way of constructing an orthonormal basis for L?(R?) starting from an orthonormal basis {¢; ; : j, k € Z}
is to consider the tensor product functions:

\Pj17j2’k17k2 (‘T7 y) = wjl,lﬁ ('T)’(/}Jé,l@ (y)

Then,
{\I}jhjmkl,kz 5 j17j27k17k2 € Z}

is an orthonormal basis for L?(R?). Note that the two variables z and y are dilated independently.

An alternative construction which is more commonly used in practice is to dilate the two variables simul-
taneously. Instead of taking tensor product of the corresponding wavelet bases, we take tensor products of
two 1D MRA’s. More precisely, given an MRA {V;};cz, define for j € Z,

Vi=VioV;={f(z)g(y); f.g € Vj}.
Then,
e FcV,if and only if F(2-,2-) € V;41.
o forall j€Z,V; CV,i,.
® Njez Vi =10} and U;c, V; = L?(R?).
Finally, since {¢(- — k) }xez is an orthonormal basis for Vp, for each j € Z, the functions
Dy na (7,9) = 0(272 — n1)p(27y — na), ny,ne € Z

form an orthonormal basis of V;.
To construct the wavelet basis, just as in the 1D case, W; is defined to be the orthogonal complement of V;
in V;41. Observe that
Vitr =V @ Vi = (V; @ W) @ (V; @ Wj)
=V;eV)eW;eVy) e (V;eW;) e (W, W;).
————

V]‘ Wj

21



So, we see that W; consists of 3 parts and it has an orthonormal basis given by

{9500 () @5,m2 (9)s o ()55 (Y) Vjma (2)5ims () 5 M1, 2 € 2}

So, there are 3 generating wavelets (horizontal, vertical and diagonal)

W (z,y) = v(@)ely), V(z,y) = e@)wly), W@y) = v(@)(y).
For a function F € L*(R), by defining F} , n,(z,y) = 27 F (272 — n1)F(27y — n2), we have that

{\II% ; )\E{h,v,d},j,nl,ngeZ},

J,ni,n2

forms an orthonormal basis of L?(R?).
Remark 6. The fast wavelet transform extends to higher dimensions for the separable wavelet basis described.
In particular, define for j € N
27 _1 25

aj = (<f7 q)j7n1,n2>)n1,n2:0 € (C2
and for A € {h,v,d},

A A 271 22j
dj T (<f’ \Pj,n17nz>)n1,n2=0 eC .

Then one can check that the decomposition/reconstruction of a; into/from (aj_y,d? ,,d%_,,d} ;) can be
done in O(2%/) elementary operations.

8 Linear approximation

The discretization of a compactly supported analogue function f € L2[0,1] computes N samples

{fign);n=0,...,N —1}.

Typically, ¢, = ¢(- — n) and forms a Riesz basis, the samples allows one to recover an approximation to f
in the space
Uy =span{p, ; n=0,...,N — 1},

with approximation

where {@n}ﬁ’;ol is the biorthogonal basis. To compute the approximation error, we introduce an orthogonal
basis B = {gm }men of L%([0,1]) such that {g,,}N =} is an orthonormal basis of Uy. Then,

m=0

N—-1
fn =" _{f: gm)gm,
m=0

and the linear approximation error is
o0
2
a(Nf)=1f = fulie = D W gl
m=N

It is clear that since f € L?[0,1], &/(N, f) — 0 as N — co. However, the rate of decay will depend on the
decay of the coefficients (f, gn):
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Theorem 6. Let {gn }men be an orthonormal basis of L?[0,1]. Suppose that for some s > 1/2,

Zm (fy gm)l ? < .

Then, there exist A, B > 0 such that

AN m |(f gm)? < Y NPTa(N f) < B Y mP |(f, gm)
m=0 m=0

N=0

It follows that g;(N, f) = o(N~2%).

Proof. First observe that

Z NQS_IEZ(N, f) — Z N2$—1 Z f7 gm Z | f7 gm Z NQs—l.
N=0 N=0 m=N N=0

For any s > 1/2,
m m—+1
Asz g/ {L'QS_l < Z N2s—1 </ .%'28_1 < Bm2s'
0 N=1

This proves the first inequality.
To verify that limy o £/(N, f)N? = 0, observe that g,(m, f) > &/(N, f) for m < N. So,

N-1 N-1
el(N, f) Z m?~1 Z m* g Z m? (m, f) — N — oo.
m=N/2 m=N/2 m=N/2
The conclusion follows because Zan;}V/Q m2s—1 > CN2s. O

This theorem establishes that the linear approximation of f in a basis B decays faster than N 2% if f belongs

to
W, {f€L201 Zm (fy gm)l <oo}.

In the following sections, we will show that in the case of Fourier or wavelet bases, this is in fact a Sobolev
space.

8.1 Some function spaces

Definition 6. Let Q C RY. The Sobolev space W*P(Q) is the space of functions f € LP(Q) such that for
multi-index oo = (o)) € NY, with |o| = ay + ...+ ay < s, D*f € LP(Q) exists in a weak sense, i.e.

/ft’)% = (—1)l /D“ﬂp, Vi € C°(Q).

glel
In the above, 0%p = L.

a1
Oz bz

W#P(Q) is a Banach space equipped with the norm

A

|a|<s

1/p

I£1s
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Note that any element in W*2(R) is necessarily continuous: to give an informal argument, for any f € C°,

t
£0 = £5) = [ £/0)dr < VE=S] e
so f is Hélder-1/2 continuous. This holds for all f € W*?2 since C2° is dense in W#2. So, Sobolev functions
cannot have discontinuities.

To allow for functions such as 1y ), we consider instead the functions of bounded variations, which is an
extension of W1,
Definition 7. Given u € L'(2), the total variation of u is

|ulv = / |Du| = sup {(divz, u) ; z € C>(Q,RY), 2] < 1}.
Q
Definition 8. The space BV () of functions of bounded variation is the set of functions u € L*(Q) such

that |u|y < oo endowed with the norm |u| gy = |u|r:r + |u]v-

This space is a Banach space.

Examples
o if u e C*(), then for all z € CX(Q,RY), [judivz =— [, Vu-zand [, |Dul = [, |Vul.
e Suppose that Q = (=1,1), u(z) = —1 for z € (—1,0) and u(z) = 1 for « € [0,1). Then,

1 1
/ uz' = —22(0), / |Du| = 2.
~1 ~1

In particular, Du is equal to the measure 2.

8.2 The Fourier case

Recall that {e™2™™ ; m € Z} is an orthonormal basis of L?[0, 1]. Let
Un = {e ™™ ; |m| < N/2}.
Then,
A= Y |femm|
|m|>N/2
Theorem 7. Let f € L?([0,1]) with Supp(f) C (0,1). Then, f € W*2(0,1] if and only if

i NZSL(]]\\;’ L, (5)
N=1
SO; El(‘ZVa f) = O(Nizs)'

Proof. First, the Sobolev space H*® of periodic functions on [0, 1] is defined as

{f € L20,1); Y [ml** |(f, e[ < OO}~

mEeEZ
Since Supp(f) C (0,1), f € W*?2 if and only if f € H*, which in turn, is equivalent to (5) by Theorem 6.
O
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Lecture 8
Theorem 8. Let f € BV(0,1). Then, e/(N, f) = O(| f|3- N~1).

Proof. I || f|v < oo, then

—127rmu
’f, z27rm ‘_‘/ f —zQﬂmudu _‘/ Df du < ”f”V )

7127rm 2|m|m

Thus, )
A= Y e 3 W _ogpp .

|m|>N/2 imis a2 4 [m|”
O]

Remark 7. In general, one cannot expect faster decay than N ! since if f = 10,1/, then | f|v =1 and

m # 0, even,

eiQﬂ'm- _ 0
41 )| {1/(7r|m|) m odd.

So, e;(N, f) ~ N~L

8.3 The wavelet case

In this section, we will consider wavelet bases on the interval [0, 1] with
V; :span{w’n :n=0,...,27 — 1}, W :span{z/u,n :n=0,...,27 — 1}.
We will assume that ¢y € C? has compact support and ¢ vanishing moments.

Let N =27, and let Uy := Vj. Recall that V; =V, @ EB W and the orthogonal projection of f onto V;
is

J—127-1
fN—PV]f va(anSDLn"‘ZZ fijnwjn
j=L n=0
The linear approximation error is

oo 27-1

2

=2 > WS winl

j=J n=0

Theorem 9. Let s € (0,q). f € L*([0,1]) is in W*2([0,1]) if and only if

oo 291

ST 229 |(f, ) [? < 0. (6)

j=J n=0

Proof. We will not prove this result, but only give some intuition behind this result. First note that f €
W*2(R) if and only if [ |w|*®

finite: For fixed J,
/ ‘UJ‘QS
|w|<2/

222'j82‘<fa1/hn ZZ

i=J n j=J n

2
f (w)‘ dw < oco. Note that the low-frequency part of this integral is always

dw < 0.

fw)

~ ’ 2

f] w2

wl<2/n

Also, by Plancherel,
22 js

7
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So, it is enough to show that g € L?,

/|| y w** g dw < 00 == Y ) 2%
w(>2Y

j=J n

2
< Q.

<97 1[)],71>

Assume that ¢ is bandlimited so that v is supported on K = [—2, —x] U [r, 2] and inf,cx ‘1[)(00)‘ >c> 0.

This is certainly true for the Shannon wavelet.

Now, if Supp(g) C [0, c0), then

> ‘<9, byn)| = > ‘ /g(ww (%) eiwn/zj2_j/2dw‘2
-2 ‘ /:rﬂﬂ o)) (;7) var elnl/? (2727)~1/? awl?

Orthonormal basis element for L2[0,27+17]

i+l i+l

2|2, W\ |? 2
—or [ @R don [ low)P de.
29 29
Moreover, on [2/7, 271 7], |w| ~ 27. So,
2 i+l
2js o 2js 2
S [t dan| ~ [ el o)
297

n
Summing over j yields

<97 ’([}j,n>

>y

j>J n

2 .
2 2
~/| . |w|™* g(w)|” dw
w|>2YmT

The same argument can also be repeated for g with Supp(g) C (—o0,0].
To prove this result, one would extend this argument for bandlimited wavelets to more general wavelets.

O
Corollary 1. Let s € (0,q). f € L?([0,1]) is in W*2([0,1]) if and only if

. N, f)
ZNQSL( < o0.
N=1 N

Hence, (N, f) = o(N~2%).

Proof. By writing ;.,, = g, with m = 27 4 n, (6) is equivalent to S°°_ |[m[**|(f, gm)|* < co. The result
then follows from Theorem 6. O

We see from the above result that the decay of wavelets characterize Sobolev spaces. We now show that
wavelet coefficients can also be used to characterized Holder spaces.

Definition 9. f is uniformly Lipschitz-a over [0,1] if there exists K > 0 such that for all v € [0,1], there
exists a polynomial of degree |a], p,, such that

VtE[O,l], |f(t)_pv(t)|<K|t_'U|a'

The smallest such value of K is the homogeneous Hélder-oo norm | f|sa. The C*-Hélder space are the
functions such that
[flee = 1flga + [/l < oo

26



Remark 8. The local polynomial approximation property is related to the differentiability of f. This can be
seen through the Taylor expansion formula: If f is m-times continuously differentiable in [v — h,v + h] and

Ju

m—

Pv (t) =
k=0

(k) (4
f k'( )(t _ ’U)k

is the Taylor polynomial of f in [v — h,v + h], then

0 -mol< s [rw).

m! u€lv—h,v+h
In fact:

1. If f is uniformly Lipschitz a with &« = m + ¢, € € (0,1), then f is necessarily m-times continuously
differentiable and | f(™)(t) — f(™) (y)| < K |t — y*.

2. At each v, the polynomial p,(t) is uniquely defined. If f is m = |«] times continuously differentiable
in a neighborhood of v, then p, is the Taylor expansion of f at v.

3. A word of caution: Note that saying that f is uniformly Lipschitz-n for n € N does not imply that
f is m times continuously differentiable. It simply means that f € L is n — 1-times continuously
differentiable and there exists a constant K such that

£ D (@) = F V)| < Ko -yl
For example, f(x) = |z| is Lipschitz-1, but not differentiable.

Proposition 4. Let |a| < q, where q is the number of vanishing moments of our wavelet. Then, there
exists B > A > 0 such that

Alflge <sup {FEVf by 5 jE€Zn=0,...,2 —1} < Blfle..

Proof. We will only prove the upper bound, a proof of the lower bound can be found in [Mallat, Ch 9]:
Let py-i, be the polynomial as described in Definition 9. Since 1;, has ¢ > |a] vanishing moments,
<¢j,n7 pQ*jn> = 0. SO,

<fa wj,n> = |<f — D2-in, 1/’j,n>|
- / (F(1) = pasn (D) BBt

<fle [ It=270]" [w(2ie - | 22
= "f"@a/‘xZ_j|a|w(x)|2—j/2dx
= 2*j(a+1/2)”f||éa / ‘I|a (2)| da,

where we have used the fact that [ |z|” [¢(z)|dz < oo since ¢ has compact support. O
Corollary 2. If f is uniformly Lipschitz-a on [0,1], then &/(N, f) = O(| f|%., N ~2).
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9 Nonlinear approximation

Given a basis {gm }men of L%([0,1]), the analogue to digital conversion of f € L?([0,1]) yields N samples

and the linear approximation
N-1

fn="> (s Gm)gm-

m=0
We can further approximate fy by a sparse representation: Let A C [N]:={0,..., N — 1} index the largest
(in absolute value) M coefficients of {(f, gm)}Y_5. The M-term nonlinear approximation is

fA = Z <fa gm>gm

meA

and | fy — fal3: = Zme[N]\A I(f, 9m>|2. The overall nonlinear approximation error is then
en(M, f) = f = fal> = 1f = fnl? + 15 — Fal?.

Let T be such that
A={me[N]; {f, gm)| =T},

If N is sufficiently large such that all coefficients with absolute value above T" are in the first N coefficients,

T> max [{f, gm)| or equivalently N > argmax,,{|{f, gm)| = T}, (7)
then &, (M, f) = min {|f — fa|*; A C N,|A| = M} . In particular, if [(f, gn)| < Cm ™" and 8 > 0, then
choosing N > CY/8T~1/8 ensures (7).

Henceforth, given some orthonormal basis B = {g,, }5°_,, we will study

En(Maf) = Z |<f7 gm>|27

megA
where A is of cardinality M and indexes the largest M coefficients of {|{f, gm)|}m.-

Lecture 9

9.1 Properties of the nonlinear approximation error

Notation Let f3[k] = (f, gm,) be the coefficient of rank k:

\fslkll = |f5lk+1][, k>0,
and nonlinear approximation and nonlinear approximation error are respectively
M )
Far =) f5Mgme, eaML )= D0 IR
k=1 k=M+1

Theorem 10. Let s > 1/2. If there exists C > 0 such that |f5[k]| < Ck™*, then

C2 M172s'

<
gn(va) ~ 25_1

Conversely, if e, (M, f) satisfies (8), then

I 1 - —S
s < (1-5;) o
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Proof. For the first assertion,

0o ) oo ) ) ) e} ) 02M1—23
M — ™ < —48 < —48 < [ —
SOLD) = S IEIHPS Y ot ecr [ et S
k=M+1 k=M+1
For the converse statement, let @ < 1. Then,
M
2 r 2
en(laM], )= Y fEIR[F = M1 - o) | f5[M]]
k=|aM|+1
So,
Cc? aC?
TM2<M—11_ -1 M1—2s: M—QS
Choosing @ =1 —1/2s and M = k yields the required result.
. 1
Notation: For p > 1, let | f|g, = (ZmEN I§2 gm>|p) /®
Theorem 11. Let p € [1,2). If | fls,p < o0, then
5K < | flspk™ "7,
and e, (M, f) = o(M*~2/?).
Proof. To prove the inequality:
k
115, = D 1fEmIlP = D [f5m] > k| 5k
meN m=1

To show that limp/_, e £, (M, f)M?/P~1 =0, let

2k—1

S[k] = Y 1fBIKI" = Kk |f52K]"
n=~k

Then,
en(M, f) =Y IfEKIP< > SWk/2¥7(k/2)7%7
k=M+1 k=M+1
< sup S[k/2)*/P Z (k/2)=%/P.
k>M /2 My
Since | f|5, < oo, S[k/2] — 0 as k — oo and
oo M—Q/p—l—l
2)2/p < 92/p ]
> k/2) —

k=M+1

Remark 9. This theorem says that the functions in

{fet;|flsp<oo}

are well approximated by their nonlinear approximation in B.
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9.2 Nonlinear approximation for wavelet bases

The following theorem shows that in practice, when the digital to analogue conversion of signal is in V, for
some L sufficiently large, the nonlinear approximation obtained from sparsifying the digital signal corresponds
to approximation of the signal with the largest M coefficients with respect to all coefficients.
Theorem 12. Let T > 0 and suppose that f is bounded. If j,n are such that |(f, ¥;n)| > T, then ¥;, € Vg,
where

N =28 = O(| fI2.T72).

Proof. For each interior wavelet,

1 Yen sy, _ .
sl = | [ s o —nal < [ (S5 ) 2w < |l ol

n 27
Similarly, for each boundary wavelet (note that there is a fixed number of these at each scale)

£, ind] <2772y f e

where 1) is one of the boundary wavelets.

So, if |(f, ¥jn)| > T, then 27/2 < A| f|T !, where the constant A depends only on the wavelet 1> and the
fixed number of boundary wavelets 2. O

Approximation of piecewise regular signals
Theorem 13. If f has K discontinuities on [0,1] and is uniformly Lipschitz-a between these discontinuities
with o € (1/2,q), then

el(M, f) = O(K|flesM™") and en(M, f) = O(|f|ce M ).
Proof. Let A denote the set of points where f is discontinuous. For j € N, let
Ij == {n; Supp(¢;n) N A # 0},
and we will call the wavelets indexed by I; type I wavelets of scale j. Let
IL; := {n; Supp(¢j») NA =0},

and we will call the wavelets in II; type IT wavelets of scale j.

To deal with the linear approximation error, we first bound the number and coefficient magnitude of type I
and type II wavelets at each scale: Since |f|oo < |f|ce, by Theorem 12,

[(f, Yjm)| < Bilflca27/2. (9)

Moreover, if C' = |Supp(¢)|, then 279C = [Supp(+;,»)| and |I;| < KC.

For type II wavelets of scale j, by Proposition 4,
[(f, 5] < Bo2 9T £ (10)

and there are at most 279 such wavelets.
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Let M =27, then

oo 271

M) =33 U ) =D U v P+ Y0 Y W )l
j=J n=0 j=J n€l; j=J nell;
= Z KCB}|f2, 277 + Z B3279Cat )| 2, 97

Jj=J
<27 "“KCBQIIf\Ic + B3 fIg, 272 (1 =272 7 S MTUK| flEe.
Note that since o > 1/2, the error above is dominated by the error due to the Type I wavelets.

For the nonlinear approximation error, we consider type I and type II coefficients separately and consider the
decay of rank r coefficients of each type: Order the coefficients {(f, ¥; ) : n € 1, j € N} in decreasing order
of magnitude and let fg ;[k] = (f, ), n,) denote the kth largest coefficient in magnitude. Similarly, order
the coefficients {(f, 1) : n € 1I;,j € N} in decreasing order of magnitude and let fg ;[k] = (f, ¥j, ns)
denote the kth largest coefficient in magnitude.

There are at most jKC type I wavelets at scales less than j, and given any type I wavelet at scale [ > 7, (9)
holds. Therefore '
[51GKC) < Bilflea27? = ff 4lm] £ | flon2”™ @K,

On the other hand, there are at most 2/ type II wavelets at scales less than j and given any type II wavelet
at scale [ > j, (10) holds. So,

fE[2] < B2 7T f o = furrlm] SmT YD flg
Since type I wavelets yield much faster decay, we have that

flm] = O(m= 2| fls ),
and Theorem 10 yields the required result.
O

Remark 10. Notice that the error from Type I wavelets (i.e. error arising from the discontinuities) dominates
the linear approximation error, but becomes negligible in the nonlinear approximation error.

9.3 Besov and BV spaces

Definition 10 (Modulus of smoothness). Let Ty f = f(- + h) for h > 0 and let A} := (T}, — I)" be the r"
difference operator with step h. Given f defined on Q C R, and p € [1, 0],

wr(f,t)p = Sup "Ahf"L (Q)

|t

is the r*" modulus of smoothness of f.
Remark 11. 1. wy(f,%)p is non-decreasing in t.

2. we(fyt)p > 0ast — 0for f e LP(Q) if p € [1,00) and for f uniformly continuouos if p = co. This
is clear for the uniformly continuous case. To see this for p € [1,00), the convergence to 0 is clear if
f € C.() is continuous and compactly supported, and note that C.(£2) is dense in LP. The faster the
convergence to 0, the smoother f is.

The Besov spaces allows us to characterize different smoothness spaces using this modulus of smoothness:
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Definition 11 (Besov spaces). Let a > 0 and let 8,7 € [1,00]. Let r = [a]+1 be the smallest integer greater
than «. The homogeneous Besov norm is

) {(fo o, (£, 8572 5 e [1,00)
- 7 t>0t

71 o, (f.1)5 )= .

This is a seminorm since ||f||2(67 = 0 for constant functions. The Besov space with parameters o > 0,

B, € [1,00], denoted by BF , is the set of functions such that

[flesy = 1F s + 11,5, < oo

Remark 12. « relates to the smoothness and § tells us the space f and its derivatives live in. « is an extra
fine-tuning parameter and is such that

By CBS ., M <o,

however, there is in general not much distinction between these spaces and -y is less important.
Theorem 14. Let ¢ and 1 be a compactly supported scaling function and wavelet generating an orthonormal
wavelet basis on L2[0,1], i.e

{WJH}Q _1U{1/}j n} j>J’_

Suppose that ¢ is q times differentiable and has q vanishing moments. Then, for s € (0,q), by denoting
wJ—Ln:::WLn;

¥ 1/
00 291 1/8
[flsgn~ | D [ 202D S, i) ;
j=J—-1 n=0
and the homogeneous Besov norm is obtained by ignoring the scaling coefficients, that is:
1
oo 27 -1 DA /
1150~ |20 | 22T Y )l :
j=J n=0

e The space B3, does not depend on the particular choice of the wavelet basis, provided that 1 has
q>s Vamshmg moments and is in CY.

e Removing the first term involving the coarse scale coeflicients gives the homogeneous Besov norm,

which we denote by ”f":ﬁ,v'

e For 3 = v = 2, from Theorem 9, B ,([0,1]) = W*2([0,1]), and by Corollary 1, elements in this
space have a linear approximation error of (N, f) = o(N~2%). Note that there exists elements
f € W#2(]0,1]) for which g;(N, f) ~ e, (N, f).

e For § =~ = oo, we saw from Proposition 4 that

1£1 0000 = sup_ 2CHRE )| ~ | e,

.7 = 7ne
is equivalent to the homogeneous Hoélder-s norm.

e For § < 2, the functions in Bj _ are not necessarily uniformly regular, and for such functions, nonlinear
approximations have significant improvements over linear approximations. The following proposition
sheds further light on this remark.

Proposition 5. Let p € [1,2) and let « = 1/p —1/2. Then, given any f € By ,, e.(N, f) = o(N1=2/P),

Moreover, the space By , contains functions with discontinuities.
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Proof. For our choice of p and «,

1/p

[flawo~ | Do DI i)l

j>J-1 n

From Theorem 11, £, (N, f) = 0(]\71*2/17).

Suppose that f is uniformly Lipschitz-s between a finite number of dicontinuities. Then, from the proof of
Theorem 13, we have that
| Flk]] = O(k™="1/2).

So, if p € (1/(s +1/2),2), then f € By , so By , contains functions which are not necessarily regular at all

points. O

The following theorem shows that
B, C BV([0,1]) C B} ...

Theorem 15. Suppose that ||y < oco. Then, there exists A, B > 0 such that

Alf I1v

11,00 < Blflva-
(b

<
~—
(a

=
=

Proof. We first prove the upper bound: By writing out the wavelet expansion of f,

271 co 29-1
f = Z <fa WJ,n>SOJ,n + Z Z <f7 wj,n>7;[}j,n7
n=0 j=J n=0
we see that
271 co 29-1
71y < 32 1 @aml by + 32 37 10 i)l lsmlv.
n=0 j=J n=0

Now, for interior wavelets v; ,

1
[snlv = /
0

Similarly, | lv = 27/2|¢]v. Also, each boundary element is of the form 27/2¢% (27.), we have that

27124/ (27t — )27 | dt = 2972y,

[snlv <2740y

Note that there is a fixed number of boundary elements, say p, at each scale. So, the upper bound holds

with A being the maximum of

max{max{|vy v}y lelv. [¢]v}-

For the lower bound, let § = ffoo Y(t)dt. Then, §’ = ¢ and if we assume that v has support on [— K, K],
then since [¢ = 0, 0 has also support in [—K, K|. Also, each of the p boundary elements Y is supported
on [0,1] and fol ¥h = 0. By defining 6% (z) = [; ¥%(t)dt, we have that 6% has support in [0, 1], 0" =4t and
07.(0) = 07,(1) = 0.
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To simplify notation, we simply write the wavelets as if they were all generated from a single wavelet 1.
Then,

271 291
> K i)l Z’/f 2]/2w23t—ndt‘—2‘/Df )279/20(27t — n)a|
" 291 27 _1
< Z 2_]/2/ DFOI 0 —nm)|dt< Y 2—j/2||9\|00/ IDF(H)] dt.
n=0 Supp(0;,n)

Note that the second equality follows via integration by part, and there is no boundary term since the wavelet
0., is supported on [0,1] and is zero at 0 and 1. Note that 6, has support in [(—K +n)/2/, (K + n)/2/]
and

271
> ||9\|oo/ [f' ()] dt < 2K]0]olf1v-
n—0 Supp(0;,n)
Since this is true for all j, we have that
291

1 *
Il > supWZ (i) = 3|1 1o

Theorem 16. Let f € BV ([0,1]). For M > 2q,
a(M, f) =O(fIvM™") and en(M,f)=O(If - M~?).

Proof. For the hnear approximation rate, note that there exists 2/ wavelet coefficients at scale 27 and in V7,
there are Z 2J = 2L wavelets. So,

oo 29-1
=3 > I
j=L n=0
From Theorem 15, )
279 -1 271
Do P < | DD I i)l | < ATRTYSI
n=0 n=0

Therefore,
B <o ARSI = odlf 2R,
j=L
as required.
For the nonlinear approximation error, let fz[k] denote the wavelet coefficient of rank k, excluding the scaling
coefficients (f, ¢,) (since their values cannot be controlled by | f|v). Suppose for now that

|5k < Bollflvk™2,  vfeBV([0,1)). (11)

Then, we have the required conclusion:

o0

en(M,f)= > fEMIPSIFRM 2

k=M—-27+1
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It remains to prove (11). For each j € N, let fz[j, k] denote the wavelet coefficient of rank k at scale j.
Then, by Theorem 15,
291

> Fs b)) < ATR2TI2| ]y

n=0

So, we may apply Theorem 11 to deduce that
|f5l, Kl < AT fly kTt = 02792
So, at scale j, the number of coefficients k; with absolute value greater than or equal to T satisfy
k;j < min{C279/27~1 27}
So, the total number of coefficients with absolute value at least T is
> k< min{C277/2T71 27}
jzJ jzJ

C—l/3T1/3

_ j —j/2m—1 2/3—2/3 -1y L
= ) 2+ > CURTTQCPTTR 0T o

ngcz/ST—Z/S CZ/BT—2/3<2j

<6(CT 1% = 6A-23| f|3/°T2/3.

So, if T' = | f5[k]|, then there are at least k coefficients with absolute value at least T" and therefore, it follows
that
BRI < 62 AT flvk 2.

9.4 Remarks for the 2 dimensional case

We make some remarks about approximation with wavelet bases in two dimensions. More details can be
found in Chapter 9 of A wavelet tour of signal processing: the sparse way. In 2D, again considering wavelet
bases of L2[0,1]? with ¢ vanishing moments and CY:

1. f is uniformly Lipschitz-ov with a € (0, q) implies that &;(N, f) = O(|f|g, N~). This is in fact the
optimal decay rate for such functions.

2. If f € BVNL>, then (N, f) = O(| f|v]fleN"1?).
3. If f € BV, then e,(N, f) = O(| |3 N~ 1).

4. If f is piecewise C?, then &, (N, f) = O(N~1). This is different from what happend in the 1D case.
In 1D, given K discontinuities, there are O(1) coefficients at each scale whose support intersect this
discontinuity and when considering the nonlinear error, the error inccured by these coefficients become
insignificant. On the other hand, in 2D, one can check that if f is discontinuous along some curve in
the plane, then there will be O(27) wavelets at scale j whose support intersects this curve. Thus, for
the approximation of piecewise C'* functions, wavelets are no longer optimal.
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A

Some terminology and results from Analysis

Let H be a linear space over either R or C. A scalar product on H is a function (-, -) from H x H into
scalars such that

(z,

(ax1 + Bz,
(x, x

(x, x

{y, x)
—0‘<$1, y) + B(x2, v)

y) =
y)
) >
)= z=0.
In this case, |z| = +/(z, =) is a norm, i.e.
|z +yl <zl + lyl
laz| = af 2]
|z] =0 <= z =0.

A linear space H equipped with a scalar product is called a Hilbert space if H is complete as a metric
space with the metric d(z,y) = |z — y|.

L?(R) is a Hilbert space with inner product (f, g) = [ f(x)g(x)dz and norm |f|z> =1/ [ |f ().
Given g, f € H some Hilbert space, we have the Cauchy-Schwarz inequality |{f, ¢)| < | fllg]-

Let X be a linear space over R or C. X is a Banach space if it is equipped with a norm | - || and is
complete with the metric d(x,y) = |z — y|.

We say that f L g if (f, g) =0.

1 n=m,

{f;}jez is an orthonormal sequence if (f,., fm) = n.m =
' 0 n#*m.

Given any orthonormal system {f;};ez of a Hilbert space H, 3o, |(f, f;)° < [ f] with equality if it
is a basis of H.

Properties of the Fourier transform

For f € L'(R) N L?(R), the Fourier transform of f is defined by

& = [ s,

The inverse Fourier transform is defined by

1

@) = 3= [ 9@,

It f,f € L', then f = f.
The Plancherel equality is (f, g) = %(f, J).

The Fourier transform extends to all f € L?(R), and U : f ﬁf is a unitary operator, i.e.

1011 = 111
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e f is bounded and p times differentiable if

/ |7)] (1 + o) < oo

In particular, if there exists K, e > 0 such that
K
W’

fw)| <

then f € CP.
o If f has compact support, then f € C*°.
o If f=1_pq, then ’f(w)‘ ~ Jw| 7t

e (Poisson Summation Formula) For all f € S(R) (the space of Schwarz functions), > f(z+27n/T) is
a 2m /T-periodic function and

. ) 2 2wk
iImt __ <7 “nnv
S jryem =25 (14 2.
neL kEZ
Letting ¢t = 0 yields the Poisson Summation Formula
A 21 21k
> jem =2 (7).
nez kEZ
Phrased differently, in the sense of distributions,

) s 21k
—inT- __ L
E e = — 0 ( ) ,
keZ

neZ

where ¢ is the Dirac measure.

Lebesgue integration theorems

Theorem A.1 (Fatou’s lemma). Suppose that {fi}32, and f are nonnegative and integrable. Then,

/ liminf fi(x)dz < likm inf fr(z)de.

k—o0 —r 00 Rn
Theorem A.2 (Monotone Convergence Theorem). Assume that {fi}52, are measurable, with
<< <fe<fipi <,
then
/R" kli_>n010 fr(z)de = kli_}rgo - fr(z)dz.
Theorem A.3 (Dominated Convergence Theorem). Assume that the functions {fi}32, are integrable and

fi— f a.e.

Suppose that
fl<g  ae,
for some integrable function g. Then,

lim fr(z)de = f(z)dx.
Rn

k—oo Jrn

37



