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Abstract

This document describes the recovery of a train of sparse spikes using the Beurling-LASSO. This
problem can be seen as a generalisation of the LASSO, which is commonly used for regression or sparse
TECOVery purposes.

1 Regression/sparse recovery via the LASSO

We begin by a reminder of the LASSO.

1.1 Regression

Given training pairs (z;,y;) € RP X R for ¢ = 1,...,n, find a predictor (function) f : RP — R such
that f(z;) =~ y;. Then, given = € R?, we can compute a prediction y = f(z).
On popular approach is via the Lasso:

. 1
argmin <+ 3 17(w) — il + AU 1)
Linear model
T w x
fo(z)=w z+b= <<b>’ <1>), where 6 = {w e R”, b e R},

and [|f|| = flwll;-

Two Layer neural network (with one hidden layer)

N
fo(z) = ZajRELU(ijx), where 6 ={a; eR,w; eR?; j=1,...,N},

j=1

RELU(z) = max(z,0) and || f|| = ||al|,. In this case, the LASSO is a nonconvez problem.

1.2 Sparse recovery

In signal processing/compressed sensing, the Lasso is often referred to as Basis pursuit denoising.
F = RY and choose |f|| = Ifll, and_f(x) ' 2Tf. Then, given a vector y = Xfo € R™ with
Xw = (z{w),_, and for some fo € RY,[(1)| becomes
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An example of this setup is the problem of reconstructing a sparse sum of complex sinusoids from

a small sampling of its time samples: Find the parameters (a;,t;) € C x [0,1] for j = 1,...,s of

S(€) =>4 a;e*™ % from finitely many samples € € A = {&; ; j =1,...,m}. Often, we discretize the
L a\N-1

interval [0, 1] and assume that t; € {% ;n=0,...,N— 1}. Then, zj (ezmgkﬁ) . Solving Lasso

recovers a vector f, if this has support S, the recovered parameters are a = (fn)nes Zm?i t = (n/N)nes.
Can we avoid discretization of [0, 1] and recover the true positions and amplitudes?
In both cases, what do we choose N to be? Choosing N too small leads to discretization errors and
choosing N too large could lead to numerical instabilities.

2 The sparse spikes problem

Let X C R?%. The space of Radon measures M(X) is defined as the dual of

Co(x) & {f € C(X); f has compact support in X}”'H‘x’
endowed with the uniform norm. M(X) is a Banach space with the dual norm
@) = sup { [ atwuta) s n € o)l <1}
x
This is called the total variation norm. Moreover, M(X) is weak* compact, i.e. given any pu" € M(X)

with |u"| (X) < B, there exists a subsequence and p* € M(X) such that u™* weak™ converges to p*.
The sparse spikes problem is as follows:

Recover o € M(X), X C R?, from observations, y = ®uo + w. Here, w € H is the additive
noise and @ : M(X) — H, ®p = [ p(z)dp(z) with ¢ € C(X,H). Typically, the measure of interest
is po = E;:1 aj5xj where a; € R and ad, denotes the Dirac at € X with amplitude a € R.

2.1 Examples

Sampling the Fourier transform (e.g. astronomy) Let X = T¢ H = C™ and ¢(z) =
(eQWi<x,u>) . where Q C R? consists of m values. For example, if Q = {k ez?; |kl < fc}7 then
we

= (2fc+1)? and ® :( __27\'i(k,:cj>) .
m = (2fe +1)" and & = (}; aze IKI< e

Deconvolution H = L*(X), p(z) = t — ¢(z —t) € L*(X) for some ¢ € L*(X). Note that
(Pp)(t) =32, a;¢(x; —t). For example, let ¢(t) = exp (- HtHQ) for Gaussian deconvolution.

Sampling the Laplace transform (e.g. microscopy) Recover u € M(R%) from (®pu)(t) =
S aj exp((z;, 1)), Here, p(z) = t > exp(—(z, 1)).

Regression Given m training samples {(wk,yx) ; k = 1,...,m}, construct a function to predict the
values yi from wy using a continuous dictionary of functions w — ¢, (), parametrised by = € X.

The training of a two layer neural network can be placed into this framework [BaclT].

e X =R"%

e Let © C RY, and (Q,A) be a probability space (with probability distribution A). For w € €, let

vu(z) = max ((z, w), 0).
Let wg be m iid points drawn from (€2, A) and ¢(z) = (¢w, (z))g=;. Then, & : M(R%) — C™ and given
1o = 22:1 a;jds;, then
(®po)k =Y _ a; max ((z;, we),0) .
j=1

So, we can interpret a; as the weights in the output layer and z; as the weights in the hidden layer.




Density mixture estimation Given data on 7, estimate parameters (a;)j—; € RS and (z;)i—; € X°

of a mixture
Zaﬁz] - [ &0t (2)

where yi0 = 37 a;0s; where (§s)sex is a famlly of template distributions. E.g. x = (m,0) € X = Rx Ry

and & = N (m, o). So, this is a sparse spikes problem with p(z) = ot I

Sketching of density mixtures We can also consider an extension of the density estimation
problem: Typically, there is no direct access to £ (from equation but instead, we have access to n iid
samples (t1,...,tn) € T" drawn from . Moreover, since n might be very large, rather than recording
this huge set of data, one could compute online a small set y € C™ of m “sketches” against sketching
functions 6, (¢) [, keriven]:

12% )~ [ oawewi= [ [ om0

So, we are back to the sparse spikes problem with ¢, (z) “ 70w, ()€ (t)dt. For example, if 0.,(t) =
et then ¢.(z) is the characterisatic function of &,.
3 The BLASSO
Let us consider the following optimisation problem:
. 1 2
X — ||Pu — .
Lmin [ () + 5 [n =] (P>))

where A > 0 is a regularisation parameter and in the noiseless case, consider

i X) subject to ®u = y. P
Luin 1| (X) subject to ®u =y (Po(y))
This is called the Beurling LASSO, and was initially proposed in [DCG12] and [BP13].
Note that,

(i) p — |p| (X) is lower semicontinous with respect to weak* convergence and ® is weak® to weak
continuous, so it is straightforward to establish the existence of solutions to [(Px(y))| and [(Po(y))|
via the direct method of calculus.

(ii) Recall that [u|(X) = |lal|, for p =37, a;ds;. So, this is a generalisation of the LASSO.

Questions:

1. Under what conditions can we recover a sparse measure (o = Z;:I a0y y exactly in the noiseless
setting by solving [(Po(y) )/

2. If po can be recovered in the noiseless setting, can it be stably recovered via|(Pa(y))ff

3. The question of stability is a little more delicate here. Given p; = Zj a;0;; and po = Zj aé—ézg,
we have | — pi2] (X) = X2, lay]| + |-

4. When do we have support stability? That is, we recover exactly s spikes and have control on error
of the amplitudes and positions.

5. Numerical algorithms which respect the infinite dimensional structure?

4 Dual certificates and recovery

4.1 Optimality condition

Let us first remark that |u| (X) is non-differentiable (just like the £'-norm is not differentiable), so
we consider instead its subdifferential

9l () {1760( ) \ﬂI(X)>|u|(X)+/nd(ﬂ*u)}



One can show that
911 (X) = {77 ec); <1 and [ ndu=1u (X)}.

In particular, if u = Zj a;0y;,

Al (X)={necX); lInll, <1 and Vj, n(x;)=sign(a;)} .

FACT: u is a minimiser of a convex functional F' if and only if 0 € 9F (u).
In particular, g is a solution of iff 0 € ®*(®p —y) + A9 || (X). So, if p = 37, a;0s;, then
N {0 (y — Bp) satisfies 0 = —n + 3 |u| (X), n(z;) = sign(ay), and |In]|, < 1.

4.2 Dual problems
Relevant details on duality can be found in the appendix. The Fenchel dual problem to [(Px(y))| is

W, 9) 2 ol (DAw))

max
[[2*pll oo <1

which is equivalent to

-of

by p

This is a projection onto a closed convex set and we have immediately existence and uniqueness of the

dual solution.
The dual problem of Py(y) is

min
[@*pll oo <1

sup  (y, p)- (Do(y))

[[e*pll oo <1

Here, existence is not guaranteed, but is true when Im(®*) is finite dimensional.
We have strong duality. Primal solution to [(Px(y))| and dual solution py satisfy

. 1
@px € 9ua (X) and  pr = —(Pux —y) 3)

Conversely, any pair px and px which satisfy the relationship must be primal and dual solutions of

(0] and [Da(g)] respectively.
If there exists p € Dy(y), then it is linked to any solution p of Py(y) by

"p € 9 |ul (X). (4)

Again, any pair g and p which satisfy must be primal and dual solutions of [(Po(y))| and |(Do(y))|
respectively.

4.2.1 Unique recovery

Given X = {z;}j=1, define @x : R® — H by ®xa =3, a;p(z;).

Theorem 1. Suppose that po = >_;a;0z;, y = Ppo and there exists p € Do(y) such that ®*p(x;) =
sign(a;) and | p(z)| < 1 for all x € {x;};, and assume that ®x is injective. Then, po s the unique

solution to [(Po(y))|

Proof. Suppose that p is a solution of [(Po(y))l We must have Supp(p) C X. Given two solutions
p=7>,0a;0z; and v =37 G;0z;, we have ®(u —v) =3 (a; — a;)¢(z;) = Px(a—a) =0 if and only if

J
a; = a; for all j. Therefore, y = ppo. O



4.2.2 Stability

We say that a certificate is nondegenerate wrt sign(a), X if n(z;) = sign(a;), n(z) < 1 forall z & {z;},
and sign(a;)V?n(z;) < 0. In the following, we show that more precise control on the nondegeneracy of
n around each z;’s will lead to bounds on how closely solutions to |(Px(y))| “cluster” around the support
{z;};-
Theorem 2. [CFGI3, [ADCGIH] Fori=1,...,s, let B-(x;) be a neighbourhood around x; of radius €.
Suppose that there exists ca,co > 0 and n = ®*p such that

o n(x)| <1—collx— a4 for all z € Be(x:).

o |n(x)] <1—co forall x & J, Be(x:).
Then, choosing A ~ &/ ||p||, any solution fi to|(Px(y))| with |Jw|| < § satisfies

co |l (X\UBs(wi)> + @Z/B - lz = @:|* d |2l (z) < 8 |Ipl-
2 i=1 e(T;

Remark 1. Suppose that i =377_| >, @jk0z; , +; bidz, where &), € Be(z;) and 2; € X\U, B:(z;).
Then, this theore implies that

co 3 [bu] + e2 D2 D laa = 2l lasl S Sl
k J k

which suggest that the close &;k is to x;, the smaller |G, x| should be.

Remark 2. If H is a finite dimensional space, such as C™ or R™, then there exists a solution y which is
a sparse measure of at most m diracs. However, po and g need not be sparse in general. For example,
consider the case of deconvolution with & : M(X) — L*(R) with o(z) = (- — 2), where

J2—-42 ze(0,}]
¢(t)_{2+4a¢ ze[-35,0]°

If deo et X[-1,1], then ®puo is symmetric about 0 with

dz
) telo, 3]
_ 120172 tefi/21]
((I)MO)(t) - 2(3/2 _ t)2 t e (17 3/2}
0 t>3/2

Note that for p < X[-3/2,3/2], (¥ *p)(t) =1 for t € [-1,1] and |(¢p xp)(¢)| < 1 for all [¢] > 1. Therefore,
O*p € 9 |uo| (X) and hence, p solves|(Do(y))| and po solves [(Po(y))| with y = Ppuo.
Remark 3. This stability result bounds the measure on X'\ Supp(po). In the case of ug being a nonsparse

v def.

measure, let X '= X \ Supp(po). Then,

ol (z‘?\UBs(m)> vaX [ e-aldlil@ <50l

NBe ()
The proof of Theorem [2] makes use of the following two lemmas. The first provides a bound on the
Bregman “distance” with respect to 7.
Lemma 1. [BO04] Let po € M(X) be such that ||y — Puoll < 0 and let n = @"p be such that n €
ol (X). Then,

” def. 62 >‘HpH2
d" (g, pro) = || (X) — |pol (X) — (n, i — po) < oY 5 ol

Remark 4. Given a function J : X — RU{—o0}, the Bregman distance for z,z0 € X and p € 8J(zo) is
defined as dP(z,z¢) = J(z) — J(z0) — (p, * — zo). By definition, d”(z,z¢) > 0. For example, if X = R"
and J(z) = 3 )12, then 8J(z0) = {zo} and dP(x,z0) = e — xo||3. However, it is not a true distance
for general J as it is not symmetric.



Proof. Since p is a minimizer,
1 2 1 2 52
Alul (X) + 5 121 = ylI” < Apol () + 5 1®ro — ylI” < Alpol (X) + -
So,
1 9 " 2
5 121 = ylI" + Ad" (i o) + A, = o) < -

By recalling that n = ®*p,

1 2\ 2 pll? i
3 1®p =y +ApII" + Ad" (i, po) = === + M, y — Ppo) < -
and by rearranging the above inequality,
3 Apl?
g < -~ ) .
d"(p,po) < 55 + =5 — + 3|l

O

Therefore, up to a constant, the choice of X\ ~ §/ ||p|| yields a upper bound of § ||p|| for the Bregman
distance. The claim of Theorem [2| follows combining this result with the following lower bound for

d"(p, pro):

Lemma 2. Under the assumptions of Theorem@, we have

d" (1, p0) > ¢2 /B =l @) + ol (UBE(@)) .
j e(z; i

Proof. We have

Il (X) = |pol = (n, p— po) = |p| (X) — (n, w)

> Jul (%) = 3 (U Bem-)) raY [

Bs(xj)

=colu (X\UBsm)) raX [ e-alfdll@)

E(mj)

& — @ d |l (2) = (1 = co) |ul (X \ UBE(%))

4.3 The minimal norm certificate (MINC) and support stability

Checking the existence of a dual certificate which saturates only at X guarantees uniqueness of
solutions to Po(y) and clustering stability. However, for support stability, we need to consider the
certificate of minimal norm [DP15]. For simplicity, we restrict to the case of d = 1, although all results
can be easily extended to the higher dimensional case.

Given any p* solution to [(Po(y))} define
po “= min {||pl| ; ®*p € 9 |u"| (X)}

If po exists, then we call it the minimal norm certificate, and a key property is that it is the limit of

the (unique) dual solutions of [(Dx(y))[as A — 0.

Lemma 3. [DP1)] Let px be the solution to [(Dx(y))| If po ezists, then ||px — po|| — 0 and nf\k> — nék)
uniformly for all k.

Proof. Since py is a solution to Dx(y), we have

A A
(Y, PA) — 5 Ipall® = (y, po) — 3 lIpoll®, (5)



and po being a solution to Dy (y) implies that

<y7 P0> = <y7 p)\>'

Therefore, [lpoll > [lpall, and given A, — 0, we may extract a subsequence such that py,, weakly
converges to p. for some p. € H (recall that the closed unit ball of a Hilbert space is weakly sequentially
compact). Taking the limit of A — 0 inyields (y, p«) = (y, po).

Note that ‘1’*]3%% converges weakly to ®*p, and so,

=1.

[e9]

1"l < |[2"pa

n

Therefore, p. solves Do(y). Finally, p. is the solution of minimal norm since

Ip- | < timin [pa,, || <llpoll,

— |lpo|l and px,, — po strongly in H. This implies limx—o [|[px — pol| = 0,

and hence, p« = po, Hpknk

since otherwise, we can extract a subsequence py, such that ||px, — po|| > € and by the above argument,
extract a further subsequence which converges strongly to po.
Finally, for the convergence of ngk), note that

@) =1 @)] < [¢®||_lpr—pol 0. A0

O

Theorem 3. [DP15] Suppose that no is nondegenerate, there exists v, Xo,co such that for all A < Ao

and |[w|] < coX, any solution px w of has support contained in \J;_, Be(xi). Moreover, if po is
identifiable, then px» has exact support {z;}.

Proof. Suppose that 1o is nondegenerate. Note that since the solution to Dx(y) is the projection onto a
closed convex set, we have
[[wll

lPx.0 = Pawll < N

Suppose that 1y (z) # 0 in x € Br(z;), j = 1,...,s, and |no(z)] < 1 for z € U;B-(z;). Then, for all
e > 0, for all A and ||w|| /A sufficiently small, ‘nék) - Wg\ki,’ < ¢ for k € {0,2}. Therefore, 1. is such

that ’nngﬂ(x) # 0 in By(x;) for each j and |nx(z)| < 1 for € U; Br(z;). So, there exists at most 1
point in B.(x;) for which |nx .| = 1.

But if Py has a unique solution pug, then we know that px,., converges in the weak-* topology as
A, ||lw]| = 0. Therefore px,w(X;) = po(X;) # 0 and hence, for A\, w sufficiently small, p5., has exactly
one spike in Be(z;). O

In fact, if Tx : R?** — H defined by

I'x (Z) = Zaﬂp(%’) + Z b’ (x5).

is full rank, then the following (stronger) result holds:

Theorem 4. [DP15] Suppose that U'x is full rank and no is nondegenerate. Then there exists A« c«

such that for all X < A and ||w|| < ¢\, Pa(y) has a unique solution which consists of precisely s spikes.
S v

Writing v = (A, w), we have p, = Y5, at dzv. the mapping v (a’,X") is C* and
la® — aol| + | X" — Xo|| < C (A + ||wl]) .

The proof can be found in Appendix [C]

4.4 Precertificates
We need to find n = ®*p such that n(z;) = sign(a;) for all ¢ and ||n||_, < 1. This is hard.



Vanishing derivatives precertificate [DP15] Consider instead: nv = ®*py with

pv = argmin{|jp|| ; Vi, (®"p)(x:) =sign(a;) and V(®"p)(x:) = 0}.

The constraint consists of (d + 1)s equations and in fact, writing the covariance kernel K (z,z') =

((z), p(z')), we have

e = D ik (@ 0) + 3 pi0i K i), (2) ~ Dy <Sig$v(a)>

=1

with correlation kernel K (z,z") = {p(x), p(x')), Dk, x ot MO; Ay )
M1 M2

where Mo = (K (zi,2;))ij, M= (01K (2i,2;))ij, M2= (0102K(wi,25))i,;-

nv is called the vanishing derivatives precertificate by Duval & Peyré (2015), coincides with the
minimal norm certificate if ||nv ||, < 1 and is necessarily a valid certificate if there is support stability:
Given X = {z;};_;, define I : R** — H by I'x (}) = > asp(a;) + bie’ (x5).
Lemma 4. Let Xo = {0, };=1 and Suppose that po = >_;_; a0,i0z,; and T'x, is full rank. Suppose that
there exists Ao > 0 such that there exists a continuous path g : [0, Ao) = R* X X*, A+ (ax, Xx) such that
for all X € [0, Xo), pr = Doi_1axia solves |(Pa(y))| with y = ®uo. Then, nv exists and |nv],, < 1,
SO0 Ny ="o-

Proof. This result follows because px = + (®x,a0 — ®Pxa) (the solution to |(Dx(y))| converges to py =

F}T (Signo(a")), We first establish this convergence under the assumption that g is differentiable: Given
X € [0, o), let (a, X) = g(X\). For all X sufficiently small, we have sign(a) = sign(ag) by continuity of g.
Therefore,

Ik (@xa — xya0) + A <51gn0(a0)> —o.

Note that ®xa =T'x (g) Applying I'f = I'x(I'%T'x)" to both sides gives

I'x (g) —TxTi Ty, (%‘)) +Ar%f <Slgg(“°)> =0. (6)

Let I1x be the projection onto Im(I'x)%. Then, Ilx = (Id — 'xI'}), so we can rearrange [(6)[ to obtain

—dxa+ @X()ao = HX(I)XO(IO + )\F}’T <Slgg(a0)> .

Note that px = + (®x,a0 — Pxa) and

et [ sign(ao)) .. .+ sign(ao)
pv = FXO ( Os ) - )I\IEHJFX < OS ’

since ||I'%T'x — I'x,I'x,|| converges to 0 as A — 0, by continuity of g. Therefore, limx_o |[px —pv| =0
provided that

1
lim + [|TLx @x, a0l = 0.
By Taylor expansion,
1
Dxga0 = Y ao;p(xo;) = D> ao; <90(wj) + ¢ (25) (x5 — @o,5) + (x5 — xo,j)z/ @ (t(x; — Io,j))dt) ;
) ) 0
J J

and since ITx is a projection onto Im(T'x )", we have TIx¢(x;) = 0 and Ix¢’(z;) = 0. Therefore,

1 1 1
3 M ®xgaoll < flaoll [, 51X = Xoll* < llaoll [[¢”]l.. 5 9N = 9O 5 A



since g is differentiable. TThis proves that limx_o px = pv = po by uniqueness of limits.
It remains to show that g is differentiable. Define f : R® x X* x Ry — R?® by

f(w, ) =Tk (Pxa — Pxqa0) + A <Sign0(a0)> ,

with u = (a,X). One can check that f is C', f((ao,X0),0) = 0, f(g(\),\) = 0 for all X sufficiently
small such that sign(ax) = sign(ao). Moreover, letting J, be the diagonal matrix with diagonal (Sigif(a)),
Ouf((ao, Xo0),0) = (I'x,I'xy)Ja, is invertible.

Therefore, by the implicit function theorem, there exists a neighbourhood V of 0 in [0, Ag) and U of
(a0, Xo) in R® x X*°, and a unique continuously differentiable function g* such that g* : V — U satisfies
f(u,A) = 0 for w € U and X\ € V if and only if g*(X) = u, and g*(0) = (a0, Xo). In particular, g*
coincides with g on V. So, f(g(A),\) =0 for A e V. O

Typical strategy: compute 7y based on a correlation kernel K, then check that it is nondegenerate.

5 Nondegenerate MINC for translation invariant kernels

Let ® be a convolution operator ® : M(X;R) — L*(R) with ¢(x) =t > ¢(t — x) € L*(R), so

S =t /w(t — z)dp(z).
Then,

def. def

K(z,2') 2 k(z —a'), where k< pxy. and Dgx = <(

For example, if ) = ﬁ exp (—t°/(207)), then k(t) = exp (—t*/(407)).
First note that we can write we can write

S k(o —0) 4+ S AEED here (3] 2 By (@
D U @>_m”(03>
with

%)

(ki = 7)), (I8 )72 K (2 — )
(K@ W@ =) (=IO @~ a))

V)

2,7

In the following theorem, we show that nondegeneracy of 7y can be guaranteed under a minimum
separation condition on X. See [, Bendory] for further details.

1

Theorem 5. Let p > 5, 7,b > 0 and assume that k satisfies

k' (t) T
—— < =), Vit < ————
w70 < o
and for k =0,1,2,3,
‘H(k)(t)’ A,
K7 (0)[*/2 S (1+C2)p’

Choose v, e € (0,1) such that e < b/(6 + 2b). and ﬁ < (1 —2¢) — 2e.
Let |z; — x| > A for all i # j, with

Then, nv is nondegenerate with



o TS0l (x) < —b/2 for all x € Ui_, By gy 1/2,(x5).
o |nv(z)| <~ forallx ¢ U;_, By -1/2, (%)
Proof. By our choice of A and X,

>

i#]

B) (o — o
.K (@ — ) <Z Ag

k/2 X 2 A\ 2)\P

| (0)] / =1 (1+5242%)

Ay 1 Ay < o 2p Ay _
<@Zﬁ<@(”/l ) S gponaw

j=1

Step I, Dk x is invertible.

Let
To S (wlwi = 2;))yy T (|670)] 7w (i - xj))m_ c T (S WO) T (- xj))iyj
Then,
IITd — Yol maxz |k(z; —x;)| <&,
2]
IT1] < Wmaxzpﬁ \6,
IId — Y| < O] axZ|f~c z; — ;)| <e,

i#]
The Schur complement of the block Y» is
Ts “ To— Y105 Y]
and Yg is invertible since

2 .
e e ek

_ < _
1 = Y|, < l1d = Yol + (T2 e

[ee] |

Therefore, DK, x is invertible.

Step 2, bounds on the coefficients We have
i =Tg'sign(a) and B=—T5'"T1Tg" sign(a)
Therefore, ||&l|, < 1/(1—¢es)=(1—¢)/(1—2e),

~ . — . — e e
& = sign(a)ll,, < [|td = 5" sign(a)], < 75", = Tsll, < T2 = 15

and

Il < Tsa—=n = 7

Step 3, bounds on 7y Given any x, there is at most one element of X such that |z; —z| < A/s.

So, given z s.t. |/$”(0)|1/2 |z; — x| > r for all j, we may asssume that |z; — z| > A/2 for all j # i and we
have
51 Ti— T ' K (x — )
v @] < Gontes =)+ Nl 3 s ~ o AL Z' J 1/2
VE
1—¢ e(l—eg) € 0w =1/2 |
<172 |m(-—m)|+17726+172€(|m (0)| |K(mi—m)}+s)
1-— 2e
<o e -l g
1-¢ 1 2¢e

<
ST 2e(+rp T1-2: 7
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ﬁ <1 —2¢)—2¢
If |x; — x| < r, then
sign(a;)ny, () < 1 sign(as)ds” (zs — ) + | Z |/~e”(x- B x)| N Bir"" (i — 96)’ n HBH Z K" (2 — )]
k7O |7(0)] RO ey ’ [k (0)['/2 o 0 R(0)]'?
" PR -
<7 If(-:':'l(())lm) 1—825 + Eil— 2? 1 —525 (1+e)
M. —
<= |Sil(0)|x) bt < b g <

since |sign(a;)&; — 1| = |&; — sign(a;)| < 125' and since € < b/(6 + 2b).

5.1 Examples

For both examples below, we have a scaling factor . We can choose b, r, Ay and p to be constants
independent of o and C' ~ |x”(0)| ~ ¢~2. Therefore, we have a nondegenerate certificate v provided
that A 2 o.

Cauchy kernel

Let x(t) = 1/(1 + o~ 2t?). Then,

2072t
(022 + 1)2

" e 202
o (t) = — -
(022 +1)3 (o 22 +1)2
2404 (48075¢3)

K,///(t) — — _ —
(022 + 1)p2 (o242 + 1)}

Fil(t) =—

Normalising by |«”(0)| = 2672, we have

o V201t
—k )= ————
2 (22 4 1)?
o2 . 40722 B 1
2p (0722 4+1)3 (02424 1)2
7,{///(0 _ 12}00’711' _ 2407343
(2p)3/? V2(02t2 +1)3  V2(0—2t2 4 1)4
Gaussian kernel Let x(t) = exp(—t?/(20?)). Then, x'(t) = = exp(—t*/0).

o2

0_3

WI(1) = exp(~#/(20%) + L exp(~2/(20%))

W (E) = 3t exp(—(i/(202))) B 3 exp(—;:/(QJQ)).

1/2

Normalising by |£”(0)|"/" = 1/0, we have

I

ok (t) = ; exp(—t*/o)

o2 (1) = — exp(—1/(20%) + 5 exp(—1*/(20%))

_ 3t exp(—t?/(20?))) B 3 exp(—t(Q/(QGQ))‘

O’Sfim(t)
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6 Some remarks on sampling the Fourier transform
Suppose we want to recover y = Zj a;0s; for z; € T, from samples of its Fourier transform:

op {7 ) s ke Z R < £},

6.1 Squared Fejer kernel

Let ¢(x) = (\/gfc(k)e_iz"k””)‘ < Then the corresponding kernel is the squared Fejer kernel
kIS fe

4
K(z,z')=k(z —2') = Z g5 (k)e2™@=2") — (Si?(ﬂt (%—i_ 1))> )
Jkl<fe (L + 1) sin(nt)

Note that v defined via this kernel is an element of Im(®*)
Theorem 6. [CFG1|] Suppose that A > f% Then, nv is nondegenerate and hence exact recovery is
guaranteed.

e Proving nondegeneracy of nv with this kernel requires more refined arguments, however, the idea

of the proof is similar to that of Theorem [5| above. One can show that for ¢t 2 1/ f.,

i |G 1
190 £ ey

and —r”(0) = 7 fe(fetd) 12
5 .
e The choice of the weights is somewhat arbitrary and are chosen due to the easier-to-manipulate
properties of the squared Fejer kernel. Note that without any weighting, the resultant kernel is the
Dirichlet kernel which has decay like 1/(1 + fe [t]).

6.2 Necessity of the separation condition

Arbitrary signs We have so far imposed a separation condition to deduce that 7y is nondegenerate.
We show here that in order to recover spikes of arbitrary signs, this is a necessary condition. See [Tanl5]
for further generalisations of this phenomenon to other measurement operators.

Suppose that |z; — z;| = A, sign(a;) = 1, sign(a;) = —1. Then, by the mean value theorem, for some
T € [xivxj}v
n(zi) —n(z;) = 0 (z)(zi — z;)
Therefore,
) = n(x; 2
’ > n(xi) —n(xy) -~
’17 (:L')’ (JZZ — xj) A

The classical Bernstein’s inequality asserts that for every trigonometric polynomial of degree at most f,
l¢'(z)| < fllgll, - In our case, i is a trigonometric polynomial of degree 2f.. Therefore, we must have
A= 1/fe.

Remark 5. For the arbitrary signs case, the separation condition is fundamental only for the BLASSO,
it is known that other methods, such as Prony type methods do not require any separation [LET16].

All positive signs If the spikes are all positive, then ithe BLASSO does not require any separation.
In particular, suppose we observe all Fourier measurements indexed by {k € Z ; |k| < f.} and suppose
that f. > s. Then,

n(z) <1 - H sin® (7 (zx — z)),

satisfies n(z;) = 1, [n(z)] < 1 for all x ¢ X and n’(z;) # 0. Therefore, n is a nondegenerate dual
certificate for sign(a) and X if a; > 0 for all j. In particular, [(Po(y))| recovers pq,x as the unique
solution. Although nondegeneracy of 1 can be used to deduce stability, note that the stability estimates
will deteriorate as the points in X converge towards some xg € X, i.e. A(X) — 0, since the uniform
limit of 1 is 1 — sin®* (7 (2o — «)) which has 2s — 1 vanishing derivatives at xo.

See [DCGI2| for generalisations of this to other measurement operators and [DDP17] for stability
analysis of the BLASSO in the case of positive spikes.
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6.3 Subsampling

Let us now consider the case where we observe draw m elements iid uniformly at random from

{(eﬂ%k} po) ; ke Z, |kl < %}

The following theorem is proved in [TBSRI12].
Theorem 7. Let o = 3, a;jdz;. Suppose that sign(a) is a Steinhaus sequence and

m 2 max (slog(s/9) log(f./5), 1og(fe/)°) .
Then, w.p. at least 1 — &, po can be exactly recovered from Po(y).

We know that
ol a @ sign(a)
(@) = K(zi,z)+ > Bioi K (zi,x), <5> =D;_<,1X< O )
i=1 i=1

is nondegenerate.
Let © denote the set of observed frequencies. We simply need to prove that

N N A .
v (z) = ; &i K (zi,2) + ;Bialk(xw), (g) ~ Dy <51%rj§a)>

where K = > rea gfc(k)e””k(x*“/), is nondegenerate. Note that E[K] = K and E[Dg x] = Dk, x. The

result can be proved by bounding the deviation of K from K, Dy x from Dk x.

7 Numerical algorithm

(Px(y))| is an optimisation problem over the set of measures. One straightforward way of solving
(Pr(y))

is to simply discretize over a fine grid (:cj)j-\’:l C X, that is, solve
. 2
min lall, + [[Paiscretea — Y|
where ®giscrete : R — H is defined by Paiscrete@ = Z;\;l ajo(z;). This is then simply the LASSO and
when H is a finite dimensional space, this can be solved by a wide range of first order methods, such as
projected gradient descent. Other approach which are better aligned to the infinite dimensional nature

of (Pa(y))|include SDP approaches (for Fourier measurements) or the Frank-Wolfe/conditional gradient
algorithm.

7.1 SDP solver

Let us consider the case where we observe Fourier coefficients up to some cut-off f. € N. Let
n = 2f. + 1. The dual to Pi(y) is

A . x
max Re(y, ¢) — 5 llcl|® subject to || Fnell,, <1
where _
Fre(t) = Z cpe' R
|kI< fe

Theorem 8. [Dum07] A causal trigonometric polynomial (i.e. a trigonometric polynomial of the form
ZZ;& cre'?™ ) with coefficients ¢ € C™ is bounded by 1 in magnitude iff there exists Q € C™*™ Hermitian
s.t

n—j
Oj <§ i) and ZQi,i+j :50,j7 j:17~~~7n_17 (7)
=1

where 60, =1 if =0 and 0 otherwise.
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Remark 6. Note that one direction is easy to see: letting z = (z', —(x, ¢)) where & € C", the pos-
itive semidefiniteness constraint implies that z*Qz > |(c, #)|>. So, by choosing = = (e*"*")?Z} we
have z*Qx = 1 by the constraint that all off-diagonals of @ sum to 0 and @ has trace 1. Therefore,
|Z’rkt;é CkeiQﬂ-kt| < 1.

Note that e*?™/e!(Fxc)(t) is a causal trigonometric polynomial. This observation allows to
be formulated as a SDP problem [CFGI14]: The dual problem becomes

Step I:

m%xRe(y, c) — % lell® subject to|(7)

This is a finite dimensional semidefinite program.
To find the solution to the primal problem, note that

pan_2(e?™) =1 - |(Fro)t)? =1 - Z upe'®™ " where wuy = chéj,k.

[k|<2fe J

° ZQfCPQn_Q(Z) is a polynomial of degree 2n — 2 = 4f, and has the same roots as pan—2 (ignoring

z=0).
o pon_2(e*™) has at most 2n — 2 roots.
o pan_2(e?™) is real-valued and nonnegative, so it cannot have single roots on the unit circle. i.e.

either pan_2 (eﬂ”t) = 0 or there are at most n — 1 roots on the unit circle.
e Any solution to the primal satisfies |u|(X) = (y, ¢) = (u, Frc). So, Fnc achieves its extremal
points on the support of p.
Step II: Find the support X of 1 by locating the roots of p2n,—2 on the unit circle (eigenvalues of its
companion matrix).
Step III: After finding the support X, solve Ztef( e~ 2™* g, =y, to recover the amplitudes a.

7.1.1 The multivariate setting

For the multivariate case when d > 1, one needs to make use of a so-called Lasserre Hierarchy.
Consider the semidefinite relaxation of order m with m > n = 2f. + 1:

max Re(y, ¢)
cecn® Qecndxnd

ﬁ@ p] (Dam(¥))
subject to “pt 1

Trace©rQ = do,k, ke (-m,m)?nz,

where Oy def O, ®- - @0k, with ® denoting the Kronecker product and 6, denoting the m x m Toeplitz
matrix with ones on its k/" diagonal and zeros elsewhere. It is known that (D, (y))|converges to D (y)
as m — +oo. If we have finite convergence, then the hierarchy is said to collapse.

In general, it is not know if we have finite convergence. However, as discussed above, in d = 1, this
relaxation is tight in the sense that is equivalent to Dx(y) for m > n. For d = 2, it is known
that we have finite convergence (and in practice, it sufficies to take m > n?.)

To detect collapse of the hierarchy, it suffices to recover a measure py ,, whose positions are the roots
of ®*p which lie on the complex unit circle and amplitudes are found by solving the linear system of Step
III above. If ®*p is a dual certificate to px,m, then px ., is a solution to [(Px(y))

7.2 Frank Wolfe

In this section, we present the Frank Wolfe approach to solving [(Px(y))l Unlike SDP approaches,
this approach is much more general.

14



Frank-Wolfe algorithm aims to solve
min f(m) (8)

meC
where C' is a weakly compact convex set of a Banach space, and f is a differentiable convex function.
In our setting, we are interested in recovering m as a measure, and C C M(X). The key advantage
of this algorithm is that it is better suited to optimisation over Banach spaces as it does not rely on
any underlying Hilbertian structure (for example, the proximal gradient descent algorithm involves a
proximal term which is often in terms of the Euclidean distance), and only uses directional derivatives
of f. Indeed, in a Hilbert space setting, the proximal gradient descent algorithm

m** = Po(m® — ydf(m"))

where Pc(m) et argmin, . ||m — s|| is another approach for solving However, this approach cannot
be easily extended to the Banach space setting as projections are not necessarily well-defined.
The Frank-Wolfe algorithm is as follows

Algorithm 1 Frank-Wolfe

1:
2
3
4
5:
6
7
8:

for k=0,...,n do
$* € argmin, c. f(m*) + df (m#)(s — m*)
if df(m*)(s* —m*) = 0 then m* is a solution. Stop.
else
Ak k—JQFZ or vF € argmin, ¢ 1] f(m* +~(sk —m*))
mFH mE k(5P — k)
end if
end for

Let us make some remarks:
e Note that given a differentiable convex function,

f(x) = fly) +df(y)(z —y)

so the stopping criterion does ensure that m” is a global minimiser, since minimality of s* in step
2 implies that for all s € C,

f(s) = f(m") + df(m")(s —m*) = f(m") + df(m")(s" —m") = f(m").

e We remark that in line 6, we can replace m**! by any element of m € C such that f(in) < f(m**!)
without adversely affecting the convergence properties of this algorithm.

e The assumption of weak compactness ensures that step 2 has a minimizer.

In our case, we are interested in applying Frank-Wolfe to

det. 1

() = S l12n — Yl + Alul (X).

There are 2 immediate problems: the first is that fx is not differentiable and the second is that M(X) is
unbounded. The following lemma allows us to rewrite minimisation of fx over M(X) into the form

Lemma 5. [DDPSI8] s is a minimiser of fx if and only if (|us«| (X), u+) minimises

. = def. 1
| op — At
(t{3§gcfx(u) 5 1 =yl +

def. [ly|?

where C = {(t,m) € Ry x M(X); || (X) <t < M} and M = W

Proof. Note that if . is a minimiser of fx, then |p.|(X) < §fa(us) < $/2(0) < % Therefore, it
suffices to minimise fx over all measure with [u| (X) < M. Tt is then easy to check that p. minimises fx
if and only if it minimises fj. O
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Note that fy is now differentiable over R x M(X) with dfx = (A, ®*(®u — y)), so
dfs: (8, 1) = A +/ 7 (dp — y)dy'.
x

Moreover, even though C is not weakly compact, it is compact in the weak* topology, and the convergence
arguments for Algorithm [I] can be applied to conclude that

Lemma 6. Let (tk,uk) be a sequence generated by Algom'thm applied to fA. Then, there exists C > 0
such that for any solution u* of [(Px(y)), we have

) = falps) <

=

As a corollary of this lemma, we have the following result, which shows under a nondegneracy condi-
tion, p* increasingly clusters around the support of the solution p*.

Theorem 9. Suppose that pia,x = Y., aibz, is the unique solution to |(Px(y))| and +®*(y — ®p.) is
nondegenerate and satisfies the conditions of Theorem[4 Then,
s 2
Lt (XU Be(@) + X0 [o. 0 lo = @il d |08 @) S -

2. Suppose ®x is injective. Then, af = R (Bo(x5)) satisfies Ha’c — aH2 <z

Proof. Let 1. = fx(u*) — fa(ps). Let F(p) = L [|@p — y||* and J (1) = |p| (X). Then, fr = A(J + F).
By convexity of F,

N 2 T(0) — TG + (), 1 — ).
Since —F'(p*) = 1@ (y — ®p) € dJ(u*), and —F'(p*) is nondegenerate, by Theorem

co‘,u ‘ <X\UB ZEZ>+CQZ/;B

For the second claim, define

|z — x> d ‘uk‘ ().

e (@)

R(v) = J(v) = J(W") + (F'(u"), v — ) and T(v) = F(v) = F(u") = (F'(1"), v — ).
Note that for all v, R(V) > (since —F'(u*) € 0J(p ) nd T(v) > 0 by convexity of F. Also, A~ rk =
J(WF) + T(p*) = T(u*). Let a¥ = p*(B:(x;)) and let 4" = > kéz] If ®x is injective with H<I>Xa|\
C || ®xall?, then

K %\ ](2
@ =" _ 3

~ e el 3. 2
Alm>T(uk)= 5 /8H<1>uk*u) +§H<I>(u’“fu’“)H

2
H‘PM — U )H ;

where we used (a — b)?/2 > 3a%/8 — 3b2/2. Finally, note that

2

2
|Gt - 1)

— p(a;))dut (@) + / (@)du ()

xfar

Bs(zj)

A
(Z\lw [ \/m (@) M|x—xﬁdw<x>> +2|ut| (o2
<2l HOO‘“ ‘ (x™) (Z/B o) x—fﬂde’Mk’(w)> +2‘uk‘(2(f‘“‘)2

<A ' e+ AT P
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Let us now discuss lines the form of 2, 3, 4 of Algorithm

e For step 2: Note that given (t*,u*) € C, s — dfy (t*, u*) is a linear form, and since C' is convex,
it achieves its minimum at an extremal point of C. These extremal points are of the form s =
(M,£Mé.) with x € X. Therefore,

argmin, . df(t*", m*)(s) = argmin, ¢ +M (@ (®p” — y))(z) + AM
et. 1y
= argmin_ ., +n(z) +1 where 7" < X@ (®pF —y)
= argmax, c y ’nk(w)’ :

Therefore, for each k, we introduce a new support point "', s* = (M, o M4,) where on* (z"T1) =
— ||nk||oo Let {mf}le denote the support of u*.

e The halting condition of step 3 implies that u* is a minimiser of and hence, n* is a dual
certificate. Therefore, we in fact iteratively construct a dual certificate.

o If uf = 25:1 aféxk, then the line search in step 4 is

J

. 1
min(1 =) |a*|| +981 + 3 1o, — yl”

where p, = 25:1 a;?ér? + oM, k+1. Note that since we can replace this step with any (¢, ) which

improves the objective value, it seems sensible to simply perform in step 4

. 1
min ||a||1 + 9 |Ppa — y”2

a€Rk+1

def. k .. . . . .. .
where g, = Z]‘:l a0,k + ary10,6+1. This is a finite dimensional nonsmooth convex optimisation

problem and can be tackled using a variety of algorithms such as Forward Backward or FISTA.

7.2.1 The sliding Frank-Wolfe algorithm

The observation that one can replace the update of step 6 by any value which improves the objective
value is important. As observed in [BP13] and [BSR17], this can significantly improve the convergence
properties of the algorithm. Building upon remark (iii) above, one can further improve this step by
optimising over the positions and the amplitudes simultaneously. This idea is proposed and analysed in
[DDPS18] and under certain nondegeneracy conditions, this update leads to finite termination. Moreover,
it is observed empirically that under the nondegeneracy condition, one has convergence in s iterations.
The algorithm of [DDPS18] is presented in Algorithm [2} Note that since ¢ is an auxilliary variable, it is
omitted in the presentation of the algorithm.

Theorem 10. [DDPS18] Let po,x = ZZ aidz; be the unique solution to and suppose that
= %@*(y — ®ugq, x) is nondegenerate. Then, Algom'thm@ TECOVETS [La,x after a finite number of steps.

Sketch of proof. We discuss only the main ideas of the proof here. First note that p* converges to pa,x
in the weak-* topology. Since ® is weak-* to weak continuouse, we have p* = %(y — ®u*) converges
weakly to px. Furthermore, p* must be uniformly bounded in #. This implies that the functions
n* S (o(x), p*) are uniformly bounded and equicontinuous. So, by Arzela-Ascoli, we can extract a
subsequence of n* which converges to nx in L° norm. This is true also for the first and second derivatives
of n*.

Now, 1, is nondegenerate implies that there exists a small neighbourhood around each z; on which
ny # 0. Therefore, there exists ¢ > 0 and k1 € N such that for all k& > ki, (n*)"(z) # 0 for = €
(zi — e, +€) et I, e, and ‘nk(m)‘ <lforall x & Uil c.

Finally, note that the optimality condition of step 8 is

0€di(Poa—y) + A [all, and Vj, (®a—y), ¢'(z,)) =0.

So, n* = —3@*(®,ra" — y) satisfies n*(z}) = sign(a}) and (n*)'(z;) = 0. In particular, |n*(z)| < 1
except at z*. So, n* is a valid certificate for all k > k;. Hence, the algorithm terminates for k > k.

O
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Algorithm 2 Sliding Frank-Wolfe [DDPSIS]

1: Initialise with p% = 0.
2: for k=0,...,n do

k
3: uk = Zivzl afémg;, a¥ € R, ¥ € X distinct, find 2% € X s.t.

or. 1
2% € argmax, |nk(a:)‘ where 7* = X@*(y —oph).

4: if then |77’“(mf)| <1
5: 1* is a solution. Stop.
6: else . -
1 N* kt+i +1
7 'uk+2 = ZiZI a; 20,6 + a; 2511: s.t.
2
k+ L1 . 1
a"*? € argming _p e, 3 H@Wr%a — yH + Allall
1 .
where z*t2 = (zf,. - a2k, al).
k
8: ,uk+1 = Zﬁ\[:;rl a?+15mx_¢+1 s.t.
k41 k41 : 1 o 21
(@™, ") € ArgIN ;) eRNF x ¥ NF+1 B [@ra —y|” + Ha||1 )
using a non-convex solver initialised with (a**2,25+2).
9: end if
10: end for

Remark 7. Step 8 of Algorithm [2] requires solving a nonconvex optimisation problem, however, the
proof of Theorem [10] utilises only the optimality condition of the optimisation problem and hence, finite
convergence still holds even if abte s merely a stationary point.

A Useful facts and definitions

Schur complement: Consider solving for z, y:

@ 56)-0)

The Schur complement of the block D of this matrix is S - BD™'(C, and provided that S and D
are invertible, this system is solvable with

t=S"a—-BD 'b) and y=D'(b-Cuz).

A Banach space is a vector space over a field K (R or C) equipped with a norm ||-|| ;- which is complete
with respect to this norm. A Hilbert space is a real or complex inner product space with inner product
(-, -), complete with respect to the induced norm ||z|| = \/(z, z). A Hilbert space is a Banach space.

The dual space of a normed space X is denoted by X’ and is the space of continuous linear functionals
from X to K. X' is a Banach space for every normed space X.

The weak topology on X is the coarsest topology on X such that all elements ’ € X’ are continuous.
In particular, a sequence (z,) C X is said to weakly converge to z if for all y € X', y(z,) — y(z).

The weak* topology on X' is the coarsest topology on X’ such that for all z € X, the mapping
x’ + z'(z) is continuous. In particular, a sequence (x,) C X' is said to weakly converge to z’ if for all
y€X, zn(y) — z(y).

Weakly convergent sequences are uniformly bounded (due to the uniform boundedness principle/Banach-
Steinhaus theorem).

18



Every bounded sequence in a Hilbert space has a weakly convergent subsequence.

If u,, converges weakly to u in a Hilbert space, then lim inf,, ||u,| > ||u||. Furthermore, lim,, ||u,| = u
implies that u, converges strongly to u.

M(X) is weak™* compact, that is, given pu™ € M(X) such that |p™| (X) < B, there exists p € M(X)
and a subsequence such that u™* weak* converges to pu.
Theorem 11 (Arzela-Ascoli). If X is a compact metric space and fn : X — R are equicontinuous (i.e.
for every e > 0, there exists § > 0 such that |fn(z) — fn(y)| < € for all x,y with d(z,y) < 6 and all n)
and equibounded (i.e. there exists C' > 0 such that | fn(x)| < C for allz € X and all n), then there exists
a subsequence frn, which converges uniformly to a continuous function f: X — R.

B Duality

Let V be a real topological vector space and let V* be its dual.
Definition 1. Given F : V — (—o0, 00|, its convex conjugate is F* : V* — (—o0, +o0] defined by

F*(y) = sup{(z, y) — F(x)}.
zeV
F™ is convex regardless of whether F' is convex.
We have the Fenchel Young inequality: (z, y) < F(x) + F*(y),
if F is convex and lower semi-continuous, then F** = F.
if F' is convex, then y € OF (z) if and only if F(z) + F*(y) = (z, y).
Examples:

(a) if F(z) = % |lz||* and V is a Hilbert space, then F*(y) = 3 lyll*:

— F*(y) = sup,(z, y) — & [|l=[1* < 5 ly*.

— Setting 2" y in the supremum above yields F*(y) > 1 llyII%.
(b) If F(z) = ||z|| and ||-||, is its dual norm, then

* 0 yll. <1
F(y):{ Iyl

400 otherwise.

(c) If F = 1k (takes value O for z € K and +oo otherwise) with K being a convex set, then F*(y) =
Supx€K<x7 y>

B.1 Convex optimisation

Let V,Y be real topological vector spaces with duals V* and Y*. Let y € Y and b; € R for
j=1,..., M. Consider

I’Iéi‘I/l Fy(z) subject to Az =y, (10)

Fj(I)ébij[M], (11)

where Fy : V. — (—o0,+00] is called the objective function and F; : V. — (—o0,+o0] for j € [M]

are called the constraint functions. A : V — Y is a continuous linear functional. The set K =

{zr € V; Ax =y, Fj(z) < b;} is called the admissible set.
The Lagrange function is defined for z € V, £ € Y* and v € RM with v, > 0 for all £ € [M] by

L(z,&,v) = Fo(z) + (€, Az —y) + > v (Fi(x) = br).
=1

The variables £ and v are called the Lagrange multipliers.
The Lagrange dual function is defined as

H(¢,v) < inf L(w,&v), €Y, ve R%.

If x — L(z,&,v) is unbounded from below, then we write H(&,v) = —oc.
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e The dual function is always concave since it is the pointwise infimum of a family of affine functions.
e We have H(¢,v) < infeex Fo(z) for all ¢ € Y* and v € RY). Indeed, we have H({,v) <
infzex L(z,€,v), and note that given any x € K, we have Az —y = 0 and Fy(x) — b < 0, so
L(z,€,v) < Fo(x).
So, H(&,v) serves as a lower bound for the infimum of Fyp over K, and since we want this lower bound
to be as tight as possible, it makes sense to consider

sup  H(&,v) subject to vy > 0, £ € [M]. (12)
gey* verRM

This optimisation problem is called the dual problem and |[(10)|is called the primal problem.
e If D* is the supremum of [(12)] and P* is the infimum of |(I0)] then we have in general D* < P*
(this is called weak duality). When D* = P*, then we say we have strong duality.
The following theorem (Slater’s condition) gives a condition under which strong duality holds.

Theorem 12. Let Fy, F1,...,Fym be convez functions and suppose that dom(Fo) = V. If there exists
xo € V such that Axo =y, Fe(xo) < be for all £ € [M], then strong duality holds. In the absence of the
inequality constraints, we have strong duality if there exists xo such that Axo = y.

Consider now infyev F(Az) + G(x), where F : Y — (—00,4+0o0] and G : V — (—o00, +0o0] are convex
functionals, and A : V — Y is a continuous linear operator. This is equivalent to

ZG%/I?;EEVF(z) + G(z) subj. to Az = z

the Lagrange dual is for £ € Y* as
H(E) = nf{F(2) + G(2) + (€, Az — 2)}
= H{F(2) + G(z) + (A6, ) — (€, 2)}

= —sup(¢, 2) — F(z) — sup(—A"¢, z) — G(z)

zeY zeV

= —F"(§) - G"(-A%).

So, the dual problem is

sup —F*(€) — G*(—A"¢)

cey*
Theorem 13. Suppose that F' and G are proper convezr functionals, there exists ug € V such that
F(uo) < 00, G(Aug) < 0o and G is continuous at Aug. Then, strong duality holds and there ezxists at
least one dual optimal solution. Moreover, if p* is a primal optimal solution and d* is a dual optimal
solution, then

Ap* € OF*(d*) and A*d" € —0G(p")

Deriving our dual problems: In our case, let V. =H, Y = C(X), A = ®* where A: H — C(X).
So, A* = & : M(X) — H. Consider the primal problem as

\|<1>*Splﬁ1:o<1<p’ f)=- pi?%“p’ =)+ < (@)}

So, G(p) & (p, —f) and F(2) =y <i(2). We have G*(0) & 1—py(a), and F*(n) = [ul ()
Therefore, the dual problem is

— sup —|p|(X) + ou=r3 () = inf |u|(X) subject to Pu = f.
HEM(X) HEM(X)

Moreover, given primal solution p* and dual solution p*, the optimality condition becomes
o°p* € |u|(X) and D" € ~9G" (") = {f}.

Similarly, for the case of A > 0, consider the primal problem as

A . A "
sup  (p, f) = 5 Ipll* = — inf {{p, =) + 5 I + ¢ o<1 (@70)}
2 peEH 2

[[2*pll oo <1
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Let G(p) = (p, —f) + 3 Ilp|l* and F(2) = ¢ _<1(2). Then,

* A2 qg+f, 1, .2 1 )
Gq:supp,q—f—f—fp :ASuppji_fp :7q+f .
(@) =suplp. a-+ 1) = 5 Il = Asupto, L) = JnlE = 35l g1

Therefore, the dual problem is

. 1 2
f X))+ || Pp — .
Lnf () + 55 o= ]

C Proof of Theorem [4]

Proof. Since 1o is nondegenerate, there exists cg, c2,e > 0 such that
Vo & U B:(zj), |mo(z)| <1 —co and Vz € B.(z;), sign(ao,;)no (r;) < —ca. (13)
j=1

Let ®x : R® — H be defined by ®xa = >_;_, aip(x;). Recall that p. x solves with y =
Dpiay,x, +w if and only if

* 1
nx = ®"pn  where pA:X(QXOanwaCI)Xa)

satisfies |||, < 1 and n(x;) = sign(a;). Note that py is the unique solution and hence, if 1y saturates
only at X and ®x is full rank, then p, x must be unique. To see this, note that if the saturation points
of ny are included in X, then any solution p of [(Px(y))| must have support contained in X. Finally,
injectivity of ®x implies that p = pq,x-

Let K(z,2') < (p(x), o(z')) and assume that h, = 910K (z,z) > 0 for all z. Given X = {z;};,
let T'x : R** — H be defined by

a
I'x <b> = aze(as) + > b ().
J J
Then, given any o € R®, T'xp = (6’5) implies that for all j, (®*p)(z;) = o; and (®*p)’(z;) = 0.
Construction of a candidate solution
Define f: R® x X°* x R x H — R?® be defined by

Flu,v) = D (Pxa — Bxyao — w) + A <Sigr(1)(a0)>7

where u = (a, X) and v = (A\,w). Note that f(u,v) = 0 ensures that n, satisfies nx(x;) = sign(ao,;) and
ni(x;) = 0 for all j.

We first remark that f is continuously differentiable, writing f = (f)7%; and z = Zj ajo(z;) — v,
we have

Oay fo = (p(ar), p(x0)), €=1,...,s

Ouy, fo = a(@'(x1), (x0)) + (2, @' (x))Oke, £=1,...,5
Oay fers = (p(x), @' (xe)), L=1,...,s
Oy fers = ar(@'(xn), @(x0)) + (2, @ (xk))oke, £=1,...,5

Therefore,
: " diag (2, ¢'(2;)/a,)), -
8uf=(xTx + E)Ja, where E= (o ( i) ), Ja = diag((1],a")).
f=(Cxlx + ) 2o ding (2, ¢ (2,)/a5)), gl )
and '
Buf(uyv) = ((F550), T% ).
Note that 0. f(u,v) = I'x T'x,Ja, is invertible when u = uo = (a0, Xo) and v = (0,0). Hence, by the

implicit function theorem, there exists 0 € V C R x H and up € U C R* x X® such that g : V — U is
differentiable and f(u,v) = 0 if and only if w = g(v). On V, we have

dg(v) = —(0uf(g(v),v)) ' 0uf(g(v),v).
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Candidate solution is a true solution Given (a,X) = g((A\,w)) where (A, w) € V, we have a
candidate certificate nx ., = ®*pa, with

ef. 1
Paw = Y (Pxa— Px,a0 —w).

Note that pe,x is indeed a solution of with y = ®Ppay, x, +w if Nx,w et ®*px . is nondegenerate.
To this end, we can show that

. 1,
Maw = 1o + P HX% + 5@ T ®x,a0

where ITx is the orthogonal projection onto Im(I'x)*. By Taylor expansion of ¢(zo ;) about z;, we have
/ ! 1 " 2
P(wo,i) = (i) — @ (zi) (@i — x0,) +/ 3¢ (@i +t(zoi — i) (zo,s — wi)"dt
0

Therefore,

1
_ 1, 2
HX(I)Xa—HXzai/O 5@ ($i+t($0,i —xi))(aso,i—xi) de
and ||Ix®xall < £ [|ao|| [|X — Xo|*, and for k = 0,2,
k k Lo Lo
8 =] < 52 (ol + 52 ool 1 - 012

and since g is differentiable, we have || X — Xo|| < A + ||w| and assuming that [|w| < cx) and A < Ay,
we obtain

k k Lo Lo
% =] 5 52 (ol + 52 ol ol + %) 5 2 40

Therefore, 7, is nondegenerate provided that ¢, and A, are sufficiently small.
Although we shall not do this here, we remark that a quantitative version of this result can be obtained
by bounding the size of the neighbourhood V' on which g is well-defined.
O
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