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Outline

0 The sparse spikes problem



The space of Radon measures

Let X C R?%. The space of Radon measures M(X) is defined as the dual of

Co(X) < {f €C(X); f has compact support in X}”'H‘x’

endowed with the uniform norm.

M(X) is a Banach space with the dual norm

|ul (X) = sup {Re/xn(fv)du(x) ;1€ Co(X), IInllpe < 1}-

This is called the total variation norm.
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endowed with the uniform norm.
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|ul (X) = sup {Re/xn(fv)du(x) ;1€ Co(X), IInllpe < 1}-

This is called the total variation norm.

Examples:

o p 351 aj0z; € M(X) where a; € C and ady denotes the Dirac at z € X with
amplitude a € C. Moreover, |u| (X) = Zj laj].

@ If u is such that f = 3—’; with f € L1(X), then |u| (X) = |||l 1-



The sparse spikes problem

Aim: Recover pug € M(X), X C R?, from m observations, y = ®uo + w.

@ w € H is the additive noise
0 O: M(X) = H, Pu= [p(z)du(z) with ¢ € C(X,H).

@ Typically, the measure of interest is of the form po = Z§:1 a0z,



Examples

Deconvolution
0 H=1L2X), p(x) =t P(x —t) € L2(X) for some ¢ € L?(X).
o (@u)(t) = ¥, agbla; — 1):

@ Y(t) = exp (— ||tH2) for Gaussian deconvolution.

Sampling Fourier coefficients

o Let ¥ =T H =C™ and ¢(z) = (62”@”"*’>)m€Q where Q C R? consists of m values.

o If Q= {ke€L; |kl < fe}, thenm = (2fc +1)¢ and by = (Zj ajez"“k’w)mkf '

Sampling the Laplace transform
° p(z) =t — exp(—(z, t)).
o (p)(t) =32, aj exp(—(z;, t)).
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Examples

Neuron imaging (EEG/MEG)
@ We want to locate point sources on some domain X given boundary measurements.

® Let H = L?(dX), and ¢(z) = (¢ (x,t)),cox for some kernel 3.
° Eg. (1) = [lz —t| 77,

In machine learning, you may want to fit a probability distribution to some data.

o Estimate parameters (a;) € RY and (z;)}; € AN of a mixture Zf;l a;p(xi) of N
elementary distributions.
@ w accounts for the sampling scheme.
Gaussian mixture model: In a simple setup, consider recovering the means m € R and
standard deviation s € Ry of a Gaussian mixture, i.e. = (m,s) € X =R x Ry and
2 2
o(z) = %e*(~*m) /(28%) ¢ H = L2(R).
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Relation to the compressed sensing problem

@ Note that in compressed sensing, we aim to recover an s-sparse vector vg € CV from m
measurements of the form Avy where A € C"* N,

@ There are 2s unknowns, since we need to locate the support and the corresponding
amplitudes of vg.

@ In the sparse spikes problem, we want to recover o = 25:1 aj 51_]. So there are still 2s
unknown values {(a;,;)}7_;, however, the points {z;}7_, are no longer constrained to
a finite set of values.



Relation to the compressed sensing problem

@ Note that in compressed sensing, we aim to recover an s-sparse vector vg € CV from m
measurements of the form Avy where A € C"* N,

@ There are 2s unknowns, since we need to locate the support and the corresponding
amplitudes of vg.

@ In the sparse spikes problem, we want to recover o = 25:1 aj 51_]. So there are still 2s
unknown values {(a;,;)}7_;, however, the points {z;}7_, are no longer constrained to
a finite set of values.

Off-the-grid compressed sensing
def.

Set H =" C™ and @ is a linear operator defined as follows:
o Let (2, A) be a probability space. For w € 2, we have random features ¢, € C(X) .
def. 1

o p(z) = ﬁ(sﬂwk(l’))?:y

o The sampling operator is ® : M(X) — C™, &y < ﬁ (f Puy, (w)dpu(z))}" |, where

iid
WE '~ A.



Examples

o Random Fourier sampling: instead of recovering p from (]:;L(w))lw‘ <f.» recover
from (Fu(wg))pe, where F is the Fourier transform and wy, are drawn iid from
([~ fes fe]4, Unif). Here, ¢u () = exp (—i2mz T w).

@ Sampling the Laplace transform: Recover u € M(R‘i) from (Lu(wg))je, where £

is the Laplace transform and wy, are drawn iid from (R%, A,) where
+

Aa(w) o exp (—2aTw). Here, pu(z) = exp (—z T w).



Density estimation with sketching

Given data on 7, estimate parameters (a;) € ]RN and (z;);_; € &° of a mixture

£(t) = ZagfzJ /gz (t)dpio ()

where po = Zj a;0z; where ({z)zex is a family of template distributions. E.g.
z=(m,0) € X =R xRy and & = N(m, o).



Density estimation with sketching

Given data on 7, estimate parameters (a;) € ]Rf and (z;);_; € &° of a mixture

g(t Zagfzj / &z t)du()

where po = Zj a;0z; where ({z)zex is a family of template distributions. E.g.
z=(m,0) € X =R xRy and & = N(m, o).

Sketching [Gribonval, Blanchard, Keriven & Traonmilin, 2017 |

Typically, there is no direct access to & but n iid samples (¢1,...,tn) € T" drawn from &.
Moreover, since n might be very large, rather than recording this huge set of data, one could
compute online a small set y € C™ of m “sketches” against sketching functions 6., (t):

der. 1 Z . . -
AL Jtwewae= [ [ o, 060,

So, we are back to the sparse spikes problem with ¢, () det 7 0wy, ()€ (t)dt. For example,
if 6, (t) = ei{ ¥ then ¢.(z) is the characterisatic function of &,.
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The Beurling LASSO (BLASSO)

Let us consider the following optimisation problem:

. 1 2
X — || P — .
pe [l (X) + X 1P —yll (Px(y)

where X > 0 is a regularisation parameter and the total variation norm |u| (X) of p € M(X)
is defined as

1l () = sup {Re [ 1@t s n e o).l < 1} -
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The Beurling LASSO (BLASSO)

Let us consider the following optimisation problem:
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where X > 0 is a regularisation parameter and the total variation norm |u| (X) of p € M(X)
is defined as
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GM(X) ] (X) subject to Pp = y. (Po(y))

Questions:

Under what conditions can we recover a sparse measure fo = Zj‘:l a;0z; exactly in
the noiseless setting by solving (Po(y))?

If 10 can be recovered in the noiseless setting, can it be stably recovered via (P (y))?
The question of stability is a little more delicate here. Given pu; = Zj a; 6%. and

pa = 525 a8, we have |1 — izl (X) = 52, lag| + la |

When do we have support stability? That is, we recover exactly s spikes and have
control on error of the amplitudes and positions.

Numerical algorithms which respect the infinite dimensional structure?
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e Minimal norm certificate and support stability



Optimality condition

Let us first remark that |u| (X) is non-differentiable (just like the £'-norm is not
differentiable), so we consider instead its subdifferential
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Optimality condition

Let us first remark that |u| (X) is non-differentiable (just like the £'-norm is not
differentiable), so we consider instead its subdifferential

Bl (X) {n € C(x) s ] () > lul () + [ (- m}
One can show that

5|M|(X):{776C(X);|Inlloo<1 and /ndu:wu»c)}.
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Optimality condition

Let us first remark that |u| (X) is non-differentiable (just like the £'-norm is not
differentiable), so we consider instead its subdifferential

011 () {n € ) 1l () > () + [ naa ) |
One can show that
81l (%) = {n €C)s Il <1 and [ ndu=u <X>}.

In particular, if y = Zj a0z,

Olul (X)={nec(X); Il <1 and Vj, n(z;) = sign(a;)}.
and given any p € M(X) and n € 9 |u| (X),
Supp(p) € {z € X'; [n(z)| = 1}.

Optimality condition

FACT: p is a minimiser of a convex functional F if and only if 0 € OF (u).
A discrete measure p =37 a;dz; is a solution of (Px(y)) iff

0 € &*(Pp —y) + A0 |u| (X).

That is, n < 1@ (y — ®p) satisfies n € 9|u| (X), n(z;) = sign(a;), and [|n||,, < 1.




Duality

Fenchel dual problems

The dual problem to (Px(y)) and Py (y) are (Dx(y)) and (Do(y)) respectively:

A
sup(y,p) — 3 Ipll®
8% pll o<1

sup  (y, p)-

[12*pll oo <1

(Da(y)

(Do(v))
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Duality

Fenchel dual problems
The dual problem to (Px(y)) and Py (y) are (Da(y)) and (Do(y)) respectively:

A
sup <y,p>—§lllvll2 (Da(y))
[[@* Pl oo <1
sup (Y, p)- (Do(v))
[[@*pll oo <1

Comments:

@ Solving (D (y)) is equivalent to

. H Y 2
min = — pH
2" plloo <1 1A
This is a projection onto a closed convex set and we have immediately existence and

uniqueness of the dual solution.

@ Here, existence of solutions to (Dg(y)) is not guaranteed, but is true when Im(®*) is
finite dimensional.

@ We have strong duality.



Duality

Fenchel dual problems

The dual problem to (Px(y)) and Po(y) are (Da(y)) and (Do(y)) respectively:

A
sup <y,p>—§llpll2 (Da(y))
[[@*pl oo <1
sup (Y, p)- (Do(v))
[[@*pll oo <1

Primal and dual solutions
@ Primal solution py to (Px(y)) and dual solution py to (D (y)) satisfy
1
©*px € 9ual (X) and px=—+(®ux —y)

@ If 3 a solution pg to (Do(y)), then it is linked to any solution pg of (Po(y)) by
®*po € 0 |po| (X)-

Note in particular that Supp(uy) C {x € X ; |®*px(x)| = 1}. These dual solutions
correspond precisely to dual certificates in compressed sensing.
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Unique recovery

Given X & {z;}5_1, define @x : R® = H by Pxa =3, a;p(x;).

Theorem

Let po = Z;zl a;0z; and let y = @uo. Suppose that there exists n = ®*p such that such
that

o forallj=1,...,s, n(z;) = sign(a;),
o for allx & {x;};, In(x)| <1
e ®x is injective.

Then, po is the unique solution to (Po(y)).
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Unique recovery
Given X & {z;}5_,, define @x : R® = H by Pxa =3, ajp(z;).

Theorem

Let po = E;Zl aj(s;;;j and let y = ®ug. Suppose that there exists n = ®*p such that such
that

@ forallj=1,...,s, n(z;) = sign(ay),

o for all x & {x;};, In(x)] <1

o dx is injective.

Then, po s the unique solution to (Po(y)).

Proof.

Since 1 € 9 |po| (X), po must be a primal solution and p must a a dual solution. Moreover,
any solution p of (Po(y)) must satisfy Supp(p) C X. Given two solutions u= ", a;dz; and
v =73,a;0q;, we have

B(p—v) = 3 (aj — d;)pla;) = Px(a—a) = 0
J

if and only if a; = a; for all j. Therefore, u = pg. O




Unique recovery

Given X & {z;}5_,, define @x : R® - H by Pxa =3, ajp(z;).

Theorem

Let po = 2;21 ajéxj and let y = ®uo. Suppose that there exists n = ®*p such that such
that

o forallj=1,...,s, n(xz;) = sign(ay),

o for all x & {x;};, In(x)] <1

o dx is injective.

Then, po is the unique solution to (Po(y)).

Definition

We say that a certificate is nondegenerate wrt sign(a) and X et {z;}; if n(z;) = sign(ay),
n(z) < 1 for all z ¢ X and sign(a;)V?n(z;) < 0. Precise control on the nondegeneracy of 1
around each x;’s will lead to bounds on how closely solutions to (Px(y)) “cluster” around

{z;};.

15 /
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Stability

Theorem (Candes & Fernandez Granda '14, Azais et al ’15)
Let po = 3°7_ ajde; and suppose that n = ®*p € 0 |uo| (X). Suppose that there ezists
g,c2,c0 > 0 and n such that
o |n(z)| <1—czllz —z;||? for all € Be(x).
o |n(z)| < 1—co for all x & |J; Be(x;).
Then, choosing X ~ 4/ ||p||, any solution p to (Px(y)) with y = Pug +w and ||lw|| <6

satisfies
S
co |l (X\UBs(wi)> +c2 Z/B . Iz — 231> d |ul () S ipll -
7 i=1 e(Zq
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Stability

Theorem (Candes & Fernandez Granda '14, Azais et al ’15)
Let po = 3°7_ ajde; and suppose that n = ®*p € 0 |uo| (X). Suppose that there ezists
g,c2,c0 > 0 and n such that
o |n(z)| <1—czllz —z;||? for all € Be(x).
o |n(z)| < 1—co for all x & |J; Be(x;).
Then, choosing X ~ 4/ ||p||, any solution p to (Px(y)) with y = Pug +w and ||lw|| <6

satisfies
S
co |l (X\UBs(x¢)> +c2 Z/B . Iz — 231> d |ul () S ipll -
7 i=1 e(Zq

Remark

Suppose that p =3 %_; 37 Gj,k05; , + >, Ek(;gk where {&; 1}, C Be(z;) and
{&}r C X\ U, Be(z;). Then, this theore implies that

Coz‘b’“‘+6222|xm |*|a,e] S 6 lpll

which suggest that the closer & is to x;, the smaller |&j,k| should be.




Proof: step 1, bounding the Bregman “distance”
Lemma (Burger & Osher '04)
Let po € M(X) be such that ||y — Puo|| < 6 and let n = ®*p be such that n € 9 |uo| (X).
Then,
82 A ||P||

(1, 10) "= |l (X) = [piol (X) = (0, o= po) < 5=+ ==+l

Proof.
Since p is a minimizer,

1 1 52
Ml () + 5 l1@p = ylI* < Aol (X) + 3 @10 — ylI* < Aol (X) + -

So,
1 2 i 562
2 1%k = ylI* +2d" (1, o) + M, 11— po) < -
By recalling that n = ®*p,
1 )\2 P 2 52
5 1%n—y+ |12 + Ad (u, o) — % +Xp, y = Ppo) < o,

and by rearranging the above inequality,

2 A p2
d"(p, po) < /\+ ” |

+3|lpll-
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Proof: step 2 lower bound on d"(pu, o)

Choosing A ~ &/ ||p||, we have d"(u, po) < 6||p||. The claim of Theorem 2.2 follows
combining this result with the following lower bound for d”(u, po):

Lemma

Under the assumptions of Theorem 2.2, we have

d"(u, o) > c2 le — ;1% d 1] (@) + co ul ( Bs(:vi)> :
;'/Ba(zj) ! U

K3

Proof.
Let xfor < x\ (U, Be(zs).
(@) 16l (X) = |pol = (n, p = po) = |u| (X) = (n, K
(i) (0, 1) < 54 S oy @)1l @) + ] oo (e sary [l (X7,
(iii) Plugging in the assumptions on 7 into (ii) yields

1) <3 lul (U Bs(am) - /B » o — @il d || (2) + (1= co) |l (¥7°7)

k3

= bl ¥) =23 [l Al @) ol (37°7)
i i@

(iv) Combining (i) and (iii) yields the required conclusion.
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@ Analysis of the minimal norm certificate
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The minimal norm certificate

Checking the existence of a dual certificate which saturates only at X guarantees uniqueness
of solutions to Py (y) and to some extent, stability. However, for support stability, we need to
consider the certificate of minimal norm [Duval & Peyré ’15].

Minimal norm certificate

Given any p* solution to (Po(y)), define

po = min{||pl| 5 p € (Po(y))}

If po exists, then we call it the minimal norm certificate

A key property is that it is the limit of the (unique) dual solutions of (Dy(y)) as A — 0.

20 /56



Limit of py

Lemma (Duval & Peyré ’15)

Let py be the solution to (Dx(y)). If po exists, then ||px — po|| — 0 and n(k) ( )

uniformly for all k.

Proof.

Step 1, extract a weakly convergent subsequence: Since p) is a solution to D, (y), we
have

(W, pA) — 5 ||P/\|| > (y, po) — = Hpoll (4.1)
and po being a solution to Do(y) 1mphes that
(Y po) = (Y, Pa)-

Therefore, ||po|| > ||pall, and given A\, — 0, we may extract a subsequence such that PAn,

weakly converges to px for some p« € H (recall that the closed unit ball of a Hilbert space is
weakly sequentially compact).

O

v




Limit of py

Lemma (Duval & Peyré ’15)

Let py be the solution to (Dx(y)). If po exists, then ||px — pol| — 0 and n(k) ( )

uniformly for all k.

Proof.

Step 1, extract a weakly convergent subsequence: Since p) is a solution to D, (y), we
have

(Y, pA) — 5 ||P/\|| > (y, po) — = Hpoll (4.1)
and po being a solution to Do(y) 1mphes that

(Y, po) = (Y, PA)-
Therefore, ||po|| > |lpall, and given A, — 0, we may extract a subsequence such that py,,

weakly converges to px for some p« € H (recall that the closed unit ball of a Hilbert space is
weakly sequentially compact).

Step 2, the weak limit solves (Dy(y)): Taking the limit of A — 0 in (3.1) yields

(y, px) = (Y, po)-

Note that <I>*p)\nk converges weakly to ®*p in C(X), and so,
|®*p|l, < liminf H{)*p/\n H =1,
k koo

Therefore, p« solves Doy (y).




Limit of py

Lemma (Duval & Peyré ’15)

Let py be the solution to (Dx(y)). If po exists, then ||px — pol| — 0 and ng\k) — nék)

uniformly for all k.

Proof.

Step 3, the weak limit is the minimal norm solution: p. is the solution of minimal
norm since

llp«ll < 1irI}€ianPAnk H < lpoll s

and hence, p.« = po, Hp;mk H — |lpo| and Pxn, — PO strongly in H.




Limit of py

Lemma (Duval & Peyré ’15)

Let py be the solution to (Dx(y)). If po exists, then ||px — po|| — 0 and ng\k) — nék)

uniformly for all k.

Proof.

Step 3, the weak limit is the minimal norm solution: p. is the solution of minimal
norm since

Ipll < limin€ |px,,, || < llpoll,

and hence, p« = po, Hp,\nk H — |lpo| and PA,, — po strongly in .

Step 4, full convergence: This implies limy_, o ||[px — po|| = 0, since otherwise, we can
extract a subsequence py, such that HpAk = po|| > £ and by the above argument, extract a
further subsequence which converges strongly to pg. Finally, for the convergence of ng\k),
note that

0@ =P @] <[|e®|_lpr—poll >0, A0,




Exact support stability under small noise
Suppose that po = Y71 a;j6sz;.

Theorem (Duval & Peyré '15)

Suppose that no is nondegenerate, there exists v, Ao, co such that for all A < Ao and
lw]l < coX, any solution py . of (Pa(y)) with y = ®uo + w has support contamed m
U;_1 Br(xs). Moreover, if po is identifiable, then iy ., consist of exactly s spikes.

Proof.

@ Note that since the solution to Dy (y) is the projection onto a closed convex set, we have
lwll
A
@ Suppose that n{(z) # 0 in z € Br(z;), j =1,...,s, and |no(z)| < 1 for = & U; Br(x;).
Then, for all € > 0, for all A and ||w|| /A sufficiently small, ’n(()k) = n;kq)ﬂ‘ < ¢ for
ke {0,2). ’

||p>\,0 — Pxw || <

@ Therefore, 1y, is such that ‘17(2) (x)‘ # 0 in Br(z;) for each j and |nx ()| < 1 for
@ & U; Br(x;). So, there exists at most 1 point in Be(z;) for which |nx .| = 1.

@ But if Py has a unique solution pg, then we know that gy ., converges in the weak-*
topology as A, [|[w|| — 0. Therefore px (Br(x;)) = po(Br(z;)) # 0 and hence, for A\, w
sufficiently small, p15 ., has exactly one spike in By.(z;).

O
y
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Exact support stability under small noise

In fact, the following (stronger) result holds:
Theorem (Duval & Peyré '15)

Suppose that no is nondegenerate and g is identifiable, then there exists A«,c« such that for
all X < A« and ||w|| < cx A, Pa(y) has a unique solution which consists of precisely s spikes.

Writing v = (A, w), we have py = > 5 a;dgv. the mapping v — (a¥, X") is Cl and

l[a” — aoll + | X* = Xol| < C (A + [[w]])-
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Summary

@ The extremal points of solutions to the dual problem inform on the support of the
primal solutions.

@ Existence of a nondegenerate dual certificate guarantees exact recovery in the noiseless
setting, and support clustering stability in the noisy setting.

@ For support stability, we look to a special solution of Dg(y), the one of minimal norm.

@ the MNC is the limit of p) and so, it informs on the support of py for A small.



Outline

e Recovery statements



Vanishing derivatives precertificate

We need to find n = ®*p such that n(z;) = sign(a;) for all ¢ and ||n||, < 1. What is a good
(closed form) candidate?

Minimal norm certificate

Consider instead the vanishing derivatives precertificate, defined as ny = ®*py with

py = argmin {||p|| ; Vi, (®*p)(z;) = sign(a;) and |[[®*p[| . <1}.
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Vanishing derivatives precertificate

We need to find 7 = ®*p such that n(z;) = sign(a;) for all ¢ and ||n||,, < 1. What is a good

(closed form) candidate?

Vanishing derivatives precertificate
Consider instead the vanishing derivatives precertificate, defined as ny = ®*py with

py = argmin{||p|| ; Vi, (®*p)(z;) =sign(a;) and V(®*p)(z;)=0}.

Closed form expression: The constraint consists of (d + 1)s equations. Writing
a
Iy :R% — H, <b> — Zajgo(mj) + b, (z5)
J
the constraints can be written as I',p = (Sig%m)) and so, py =I'Y T(S‘g"(a))

Kernel expression: Writing the covariance kernel K(z,z’) et (p(z), ©(x')), we have

; 0K (zi,7) + Z Bion K (21, ), (g) = Dily (Sigorj\ga)>

with correlation kernel K (z,z") = (p(z), ¢(z')), Dk x def- (]]\\/[4%’ %1),
1 2

where Moy = (K(xi,4))ij, M1 = (01K(zi,x5))i5, M2= (010K (x;,x;5))ij-



Necessity of ny

1y coincides with the minimal norm certificate if ||7y ||, < 1 and is necessarily a valid
certificate if there is support stability.

Given X = {z;}5_,, define I": R? — H by Tx (3) = 32, aje(a;) + bje (z5).

Lemma

Let Xo = {x0,:}5_; and Suppose that o = Y 5_; a0,i0z, ; and x, is full rank. Suppose

that there exists a C* path g : [0, A0) — R® x X, X\ = (ax, X)) such that
N e doisqaxsza; solves (Pa(y)) with y = ®uo. Then ny = no.

Typical strategy: compute some ny based on a correlation kernel K, then check that it is
nondegenerate.

0
~



Proof of necessity of 1y (be limy .o px = pv)
Given X € [0, \o), let (a, X) = g(N\). For all X sufficiently small, we have sign(a) = sign(ao)
by continuity of g, and recall that p) = % (@XO ag — <I>Xa). Therefore,

sign(a0)> =

I (Pxa— Px,a0) +,\( ’



Proof of necessity of 1y (be limy .o px = pv)

Given X € [0, \o), let (a, X) = g(N\). For all X sufficiently small, we have sign(a) = sign(ao)
by continuity of g, and recall that p) = % (‘I)Xo ag — <I>Xa). Therefore,

I (®xa— Bx,a0) + /\(Signo(ao)) —0.

Applying I'x (I, 'x)T to both sides gives

I'y (g) DIy, (cz)o) At (Sigg(a0)> —o.

s

Let Iy be the projection onto Im(T'x)+. Then, My = (Id — FXF;), SO

1 1 sign(a
_ .t (sign(ao)
1 (FPxat @xoa0) - SlMx®xga0 = Ty ( o, )
N— ———
DX

*, 1 (sign(ag))
cve: FXO( Os 0 )7}7‘/
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Proof of necessity of 1y (be limy .o px = pv)
Given X € [0, \o), let (a, X) = g(N\). For all X sufficiently small, we have sign(a) = sign(ao)
by continuity of g, and recall that p) = % (‘I)Xo ag — <I>Xa). Therefore,
sign(a
I (®xa— dxya0) + ,\( & 0( 0)) -0

Applying I'x (I, 'x)T to both sides gives

I'y (g) DIy, (cz)o) At (Sigg(a0)> —o.

s

Let Iy be the projection onto Im(T'x)+. Then, My = (Id — FXF;), SO

1 1 sign(a,
< (~®xa+ dx,a0) —~Tx®x,a0 = P}T( gn( °)>
) hy 05
———
P cve, T Jr(signoiao)):pv

Since IIx is a projection and ®x,a0 = 3=, ao,;j%(zo,5) is

1
ZGO,J ( () +¢ (xj)( —z0,5) + (% — m(LJ')Q/O Sﬂll(t(l’j - xO,j))dt) s
we have

1 1 1
5 M @xya0] < llaoll o 1" e 51X = Xoll® < llaoll ¢l 5 9() = 9(0)I £ A

since g is differentiable. Therefore, limy_,o px = py and hence, py = po.
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Examples

Consider

k .
oK = (1 “hi1 |+| 1) ™ and - ®u = ((pr, B)he— . 7, -
c

Solve "
i T) + — || ®p — y||?
m;nlul( )+2/\ l®n —yll3

where y = ®puo + €.
@ Lo consists of 4 spikes.
@ Let fo =10, A =10"3 and ||¢|| = 10~ ||y

Ny is nondegenerate

20

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Reconstruction nyv
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min [uf (T) + 5 124 — yll3
where y = ®puo + €.
@ Lo consists of 4 spikes.
@ Let fo =10, A =10"3 and ||¢|| = 10~ ||y

Ny is degenerate

s ° o
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*
T . N t————t——— =
20
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Examples

Consider

k .
or= (1= 755 ) @ and du= (on iie s,

_ a1
Solve

min |l (1) + o 194 — yl
where y = ®puo + €.
@ Lo consists of 4 spikes.
@ Let fo =10, A =10"3 and ||¢|| = 10~ ||y

Ny is degenerate, but there exists a nondegenerate certificate:

"JfC :
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Reconstruction
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Examples

Consider

k .
oK = (1 “hi1 |+| 1) ™ and - ®u = ((pr, B)he— . 7, -
c

Solve "
. 2
min [l (T) + o l®n —yll3

where y = ®puo + €.
@ Lo consists of 4 spikes.
@ Let fo =10, A =10"3 and ||¢|| = 10~ ||y

Ny is degenerate, but there exists a nondegenerate certificate:

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Reconstruction 10 P*p
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Key takeaway point

The vanishing derivatives certificate has a closed form expression and leads to an
understanding of the recovery properties of the BLASSO.

o If ||nv |l > 1, then no support stability is possible (arbitrarily small noise can lead to
the appearance of spurious spikes).

@ 7y nondegenerate implies support stability in the small noise regime, and unique
recovery in the noiseless regime.

@ ny nondegenerate implies clustering stability in the large noise regime.



Key takeaway point

The vanishing derivatives certificate has a closed form expression and leads to an
understanding of the recovery properties of the BLASSO.

o If ||nv |l > 1, then no support stability is possible (arbitrarily small noise can lead to
the appearance of spurious spikes).

@ 7y nondegenerate implies support stability in the small noise regime, and unique
recovery in the noiseless regime.

@ ny nondegenerate implies clustering stability in the large noise regime.

Next: precise recovery statements obtained via the analysis of vanishing derivatives
certificates.



Outline

@ Numerical algorithms
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Sampling the Fourier transform

One of the seminal papers on the BLASSO is by Candés and Fernandez-Granda, Towards a

Mathematical Theory of Superresolution published in CPAM, 2014.

Setting: We want to recover p, x = Z]- ajézj for ; € T, from samples of its Fourier

transform:
def.

op L (e ) s k€K < fe )

The minimum separation condition is defined as

A(X) et min |z; — x;]| .
i#£]

Theorem (Candes & Fernandez-Granda ’14)

Suppose that A(X) > % Then, pq,x s the unique solution to (Po(y)) with y = Ppq, x -

e

@ Here, C' > 0 is a universal constant, C 4" 9 in the original paper of Candes and
Fernandez-Granda, with improvement to C = 1.26 by Fernandez-Granda in 2016.

@ Since the proof constructs a nondegenerate dual certificate, “clustering stability” is also

guaranteed in the noisy regime. Stability bounds on ||<Phigh * (L — “a,X)”Ll are also
possible.

0
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Comment 1: the separation condition is necessary

In order to recover spikes of arbitrary signs, the minimum separation condition is necessary.
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interpolates sign(a) at points X.



Comment 1: the separation condition is necessary

In order to recover spikes of arbitrary signs, the minimum separation condition is necessary.

To recover pq,x, it is necessary that there exists a trigonometric function n which
interpolates sign(a) at points X.

Suppose that |z; — x;| = A, sign(a;) = 1, sign(a;) = —1. Then, for some z € [z;, x;],

n(xi) —n(x;) = n'(@)(xi — ;)
Therefore,
2

n(@i) —n(z;) | _
(zy — xj) A
The classical Bernstein’s inequality asserts that for every trigonometric polynomial of degree

at most f, |¢/(z)] < f|lqllo - In our case, 7 is a trigonometric polynomial of degree 2f.
Therefore, we must have A > 1/ fc.

I (@) >]




Comment 1: the separation condition is necessary

In order to recover spikes of arbitrary signs, the minimum separation condition is necessary.

To recover pq,x, it is necessary that there exists a trigonometric function n which
interpolates sign(a) at points X.

Suppose that |z; — x;| = A, sign(a;) = 1, sign(a;) = —1. Then, for some z € [z;, x;],

n(zi) = n(z;) = n'(x) (i — ;)
Therefore,
n(zi) —m(z;)| _ 2
(zi — z5) A
The classical Bernstein’s inequality asserts that for every trigonometric polynomial of degree
at most f, |¢/(z)] < f|lqllo - In our case, 7 is a trigonometric polynomial of degree 2f.
Therefore, we must have A > 1/ fc.

I (@) >]

Remark

@ Note that if the spikes are all positive, then it can be shown that the BLASSO does not
require any separation [De Castro et al '12]

@ For the arbitrary signs case, the separation condition is fundamental only for the
BLASSO, it is known that other methods, such as Prony type methods do not require
any separation.




Comment 2: analysis via the Jackson kernel

s N
ny(z) = ZaiK(xi,x) + ZﬁialK(azi,w) where (g)

i=1 =1

DK,X(

sign(a)
Os

)



Comment 2: analysis via the Jackson kernel

S N i
v(z) = ;aiK(wi,x) + ;BialK(azi,x) where (g) =Dk x (mg(;;(a))

Since (z) = (e~*27ke) we have

[kI<fe”

K(z,y)= > ™0 — k(@ —y)
[kI<fe

where k(t) = % is the Dirichlet kernel.



Comment 2: analysis via the Jackson kernel

S N .
= gaiKcln(m,x) + gﬁialKCF(aci,m) where (g) = Drop x (Slg()n;a))

Since ¢(z) = (e*i%’”)lef , we have
K(z,y)= Y ™ v — k@ —y)
[kI<fe

where k(t) = % is the Dirichlet kernel.

The « has slow decay 1/(1 + fc |t]), so it was proposed to replace k by kcp (4th power of
Dirichlet kernel):

S 7w L
Ker(z,2') = kop(z —2') = (jr( i<1)2 m(7r)t)



Comment 2: analysis via the Jackson kernel

s N .
v(z) = ;aiKcv(%,w) + ;Biall<clf($iyz) where (g) =Dxep, X (mgons(a))

Since (z) = (e~*27ke) we have

[kI<fe”
K(z,y)= > ™0 — k(@ —y)
[kI<fe

where k(t) = % is the Dirichlet kernel.

The « has slow decay 1/(1 + fc |t]), so it was proposed to replace k by kcp (4th power of
Dirichlet kernel):

sin(mt <f7r + 1))

Ker(z,2') = kep(e —2') = | ——v—7—
(%‘ + 1) sin(7rt)

@ Under K¢, ny is still a trigonometric polynomial with frequencies |k| < fc. So
nondegeneracy of ng still guarantees exact and stable clustering recovery.



Comment 2: analysis via the Jackson kernel

s N .
v(z) = ;aiKcv(%,w) + ;51‘61[{CF($1’71) where (g) =Dxep, X (mgons(a))

Since (z) = (e~*27ke) we have

[kI<fe”

K(z,y)= > ™0 — k(@ —y)
[kI<fe

where k(t) = % is the Dirichlet kernel.

The « has slow decay 1/(1 + fc |t]), so it was proposed to replace k by kcp (4th power of
Dirichlet kernel):

sin(mt <f7r + 1))

Kcp(z,2') = kep(z —a') = .
(%‘ + 1) sin(7rt)

@ Under K¢, ny is still a trigonometric polynomial with frequencies |k| < fc. So
nondegeneracy of ng still guarantees exact and stable clustering recovery.

o Kcp(z,z') = (p(x), (2')) with pp(z) = (, /gke_m"kx)‘ka , for some appropriate
weight g. So, the result of C-FG guarantees support stability for weighted Fourier
sampling.
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Extension: Subsampling

Observe {(e™"2™%" o) ; k € Q} where Q C {k €EZ; |kl < %} drawn uniformly at random.

Theorem (Tang et al ’13)

Let po = Zj a;0g; with min,; [z, — x| > C/ fe. Suppose that sign(a) is a Steinhaus
sequence and

92| 2 max (s log(s/6) log(fc/5),log(fe/8)?) -
Then, w.p. at least 1 — &, po can be exactly recovered from Po(y).
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Convolution
Let ® be a convolution operator ® : M(X;R) — L?(R) with ¢(z) = t — (t — z) € L?(R):
dp=t— /Q/J(t — z)dp(zx).

Then,
K(z,2") et (x —2'), where & R
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Convolution

Let ® be a convolution operator ® : M(X;R) — L?(R) with ¢(z) = t — (t — z) € L?(R):

dp=t— /Q/J(t — z)dp(zx).
Then,
sy def. / def.
K(z,z") = k(x —2'), where K = 1h*1.
Let o 1/4/|"(0)|, and assume that for p > %, r,b > 0, we have
o Sufficient decay: for k =0,1,2,3, ok {H(’“)(t)| < (14_‘2,7’;2)?.
o Sufficient peak: o2k"(t) < —b, V|t| < or.
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Convolution

Let ® be a convolution operator ® : M(X;R) — L?(R) with ¢(z) = t — (t — z) € L?(R):

du=tr— /Q/J(t — z)dp(z).
Then,
K(z,2") et k(x —2'), where & R
Let o & 1/4/|"(0)|, and assume that for p > %, r,b > 0, we have
o Sufficient decay: for k =0,1,2,3, ok |I€(k)(t)| < (14_‘2,7’;2)?.
o Sufficient peak: o2k"(t) < —b, V|t| < or.

Theorem ([Bendory et al '15])

Let |z; — xj| > A for all i # j, with A et % Then, ny is nondegenerate. Here D > 0 is a

constant which depends only on Ay, b, r and p.
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Convolution

Let ® be a convolution operator ® : M(X;R) — L?(R) with ¢(z) = t — (t — z) € L?(R):

dp=t— /Q/J(t — z)dp(zx).
Then,

def.

K(z,2') = k(z — '), where K xap.

Let o & 1/4/|"(0)|, and assume that for p > %, r,b > 0, we have
o Sufficient decay: for k =0,1,2,3, ok |H(k)(t)| < (14_‘2,7’;2)?.
o Sufficient peak: o2k"(t) < —b, V|t| < or.
Theorem ([Bendory et al ’15])
def.

Let |z; — xj| > A for all i # j, with A= % Then, ny is nondegenerate. Here D > 0 is a
constant which depends only on Ay, b, r and p.

@ Gaussian kernel: ¢(t) = ﬁ exp (—t2072/2), then x(t) = exp (—t202/4).
@ Cauchy kernel: 9(t) = m, then k(t) = m

We have a scaling factor o, but b, r, A and p can be chosen to to be constants independent
of o and C ~ | (0)| ~ 0~2. Therefore, 1y is nondegenerate provided that A > o.



Summary

On conditions for recovery:

@ The extremal points of solutions to the dual problem inform on the support of the
primal solutions.

@ Existence of a nondegenerate dual certificate guarantees exact recovery in the noiseless
setting, and support clustering stability in the noisy setting.

@ For support stability, we look to a special solution of Dy (y), the one of minimal norm
no = ®*po.
@ the MNC is the limit of p) and so, it informs on the support of py for A small.
Analysis of dual certificates:

@ To analyse the MNC, we typically look at the vanishing derivatives precertificate which
has a closed form expression.

@ ny =mno when ||nv|, < 1. In fact, we must have ||y ||, < 1 if we expect support
stability.

@ To guarantee exact recovery of spikes of arbitrary signs, it is necessary that that the
underlying positions satisfy a minimum separation condition.

> Case of sampling Fourier coefficients from [—fc, fc], need min;; |z; — ;] 2 %
c
> Case of Gaussian deconvolution with scaling o need min;; |z; — z;| 2 o.



Outline

o The sparse spikes problem

© The BLASSO and dual certificates

e Minimal norm certificate and support stability
@ Analysis of the minimal norm certificate

e Recovery statements

e Numerical algorithms

38 /56



Numerical algorithms for the BLASSO

(Pa(y)) is an optimisation problem over the set of measures. One straightforward way of

solving (P (y)) is to simply discretize over a fine grid X < (mj)évzl C X, that is, solve
1
min Allall; + = ||Pxa — 2
min Al + 3 [@xa ]

where ®x : RN — # is defined by ®xa = Zévzl ajp(x;). This is then simply the LASSO
and when H is a finite dimensional space, this can be solved by a wide range of first order
methods, such as projected gradient descent.

a"tl = Prox x|, (" —v®% (®xa —y))

where Prox, .|, = argmin, % llz — |13 + My ||l -
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Numerical algorithms for the BLASSO

(Pa(y)) is an optimisation problem over the set of measures. One straightforward way of

solving (P (y)) is to simply discretize over a fine grid X < (xj)évzl C X, that is, solve
1
min Allall; + = ||Pxa — 2
min Al + 3 [@xa ]

where ®x : RN — # is defined by ®xa = Zévzl ajp(x;). This is then simply the LASSO
and when H is a finite dimensional space, this can be solved by a wide range of first order
methods, such as projected gradient descent.

a"tl = Prox x|, (" —v®% (®xa —y))

where Prox, .|, = argmin, % llz — |13 + My ||l -

Other approach which are better aligned to the infinite dimensional nature of (Py(y))
include SDP approaches/Lasserre hierarchies (for certain measurements, e.g. Fourier) or the
Frank-Wolfe/conditional gradient algorithm.



SDP approach of Candes and Fernandez-Granda

Let us consider the case where we observe Fourier coefficients up to some cut-off f. € N. Let
n = 2fc + 1. The dual to Py (y) is a finite dimensional problem:

A
max Re(y, ¢) — = ||c||* subject to [Fmelloo <1
ceCn 2
where

Fre(t) = Z cpet2mRt,
[k|< fe



SDP approach of Candes and Fernandez-Granda

Let us consider the case where we observe Fourier coefficients up to some cut-off f. € N. Let
n = 2fc + 1. The dual to Py (y) is a finite dimensional problem:

A
max Re(y, ¢) — = ||¢|? subject to [Fmelloo <1
ceCn 2

where

Fre(t) = Z cpet2mRt,

[k|< fe
Theorem (Dumitrescu)
A causal trigonometric polynomial p(t) deb Z;é cxe®?™kt with ¢ € C™ is bounded by 1 in

magnitude iff there exists @ € C"*™ Hermitian s.t.

n—j
= (? i) and Y Quity =004, j=1,...,n—1, (7.1)
i=1

where 69 ; =1 if j =0 and 0 otherwise.
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SDP approach of Candes and Fernandez-Granda

Let us consider the case where we observe Fourier coefficients up to some cut-off f. € N. Let
n = 2fc + 1. The dual to Py (y) is a finite dimensional problem:

A
max Re(y, ¢) — = ||c||* subject to [Fmelloo <1
ceCn 2

where )
Fre(t) = Z cret?mrt,
[k|< fe
Theorem (Dumitrescu)
A causal trigonometric polynomial p(t) deb Z;é cxe®?™kt with ¢ € C™ is bounded by 1 in

magnitude iff there exists @ € C"*™ Hermitian s.t.

n—j
= (? i) and Y Quity =004, j=1,...,n—1, (7.1)
i=1

where 69 ; =1 if j =0 and 0 otherwise.

One direction is easy to see: since (z, (Q* ¢ z) >0, choose z = (x 7, {x, ¢))T. Then,

C 1

z*Qx — |[(z, ¢)| > 0. Choosing = = (e%ikt)zzo, we have |p(t)| < z*Qz. The constraint on
the diagonals of @ implies that 2*Qx = 1.




SDP approach of Candes and Fernandez-Granda

Note that e??7fet(Fc)(t) is a causal trigonometric polynomial. This observation allows
(DA(y)) to be formulated as a SDP problem, as the dual problem becomes
Step I:

A
max Re(y, ¢) — = |lc]|*> subject to (6.1)
cEC™,QeCnxn 2

This is a finite dimensional semidefinite program.

41/
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Note that e??7fet(Fc)(t) is a causal trigonometric polynomial. This observation allows
(DA(y)) to be formulated as a SDP problem, as the dual problem becomes
Step I:

A

max Re(y, ¢) — = |lc]|*> subject to (6.1)
cEC™,QeCnxn 2

This is a finite dimensional semidefinite program.

To find the solution to the primal problem, note that F;;c achieves its extremal points on the
support of pu.
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SDP approach of Candes and Fernandez-Granda

Note that e??7fet(Fc)(t) is a causal trigonometric polynomial. This observation allows
(DA(y)) to be formulated as a SDP problem, as the dual problem becomes
Step I:

A
max Re(y, ¢) — = |lc]|*> subject to (6.1)
cEC™,QeCnxn 2

This is a finite dimensional semidefinite program.

To find the solution to the primal problem, note that F;;c achieves its extremal points on the
support of pu.

To locate these extremal points:

Prn—2(e2™) =1 — [(Fio)@®)> =1 - Z upe?™8 where wuy = ZCjEj_k.
|k|<2fc J

° z2pr2n_2(z) is a polynomial of degree 2n — 2 = 4 f. and has the same roots as pan—2
(ignoring z = 0).
i2mty

@ pon_2(e has at most 2n — 2 roots.

@ pan-—2(e
circle. i.e. either pan—2(e

i27t) is real-valued and nonnegative, so it cannot have single roots on the unit

i27t) — 0 or there are at most n — 1 roots on the unit circle.
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SDP approach of Candes and Fernandez-Granda

Step I:

A
m%x Re(y, ¢) — B llell? subject to

C,
Q £
Oj(c* 1) and ZQi,i+j:50,j7 j=1...,n—1,
=1

Step II: Find the support X of w by locating the roots of pa,_2 on the unit circle
(eigenvalues of its companion matrix).

Step III: After finding the support X, solve ZteX e~ 27kt g, — 41 to recover the
amplitudes a (we have at most n — 1 unknowns and n observed values in y).

Check this out later: http://nbviewer. jupyter.org/github/gpeyre/numerical-tours/
blob/master/matlab/sparsity_8_sparsespikes_measures.ipynb


http://nbviewer.jupyter.org/github/gpeyre/numerical-tours/blob/master/matlab/sparsity_8_sparsespikes_measures.ipynb
http://nbviewer.jupyter.org/github/gpeyre/numerical-tours/blob/master/matlab/sparsity_8_sparsespikes_measures.ipynb

The multivariate setting

For the multivariate case when d > 1, one needs to make use of a so-called Lasserre
Hierarchy. Consider the semidefinite relaxation of order m with m > n = 2f. + 1:

max Re(y, ¢
CECﬂ,d’QECW,dXTLd‘
M o< |2 j A
¢ (Dx,m ()
subject to — d
J where &, = ek k€l—fe fe]

0 otherwise
(if) Trace©rQ = do,k, k€ (—m,m)¢NZ,

where ©f def. O, ® -+ ® 0k, with ® denoting the Kronecker product and ij denoting the

m X m Toeplitz matrix with ones on its k;ih diagonal and zeros elsewhere.
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The multivariate setting
For the multivariate case when d > 1, one needs to make use of a so-called Lasserre
Hierarchy. Consider the semidefinite relaxation of order m with m > n = 2f. + 1:

max Re(y, ¢
CECﬂ,d’QECTLdXTLd‘
M o< |2 j A
¢ (Dx,m ()
subject to — d
J where &, = ek k€l—fe fe]

0 otherwise
(if) Trace©rQ = do,k, k€ (—m,m)¢NZ,

where ©f def. O, ® -+ ® 0k, with ® denoting the Kronecker product and ij denoting the

m X m Toeplitz matrix with ones on its k;ih diagonal and zeros elsewhere.

@ It is known that (ﬁ)\ym(y)) converges to Dy (y) as m — +oo. If we have finite
convergence, then the hierarchy is said to collapse.

@ In general, it is not know if we have finite convergence. However, as discussed above, in
d = 1, this relaxation is tight in the sense that (Dx ,,(y)) is equivalent to Dy (y) for any
m > n. For d = 2, it is known that we have finite convergence for some m > n
(although in practice, it sufficies to take m > n2.)

@ To detect collapse of the hierarchy, it suffices to recover a measure p ,, whose
positions are the roots of ®*¢ which lie on the complex unit circle and amplitudes are
found by solving the linear system of Step III above. If ®*c is a dual certificate to
[x,m, then py n,, is a solution to (Px(y)).



Frank Wolfe

Frank-Wolfe algorithm aims to solve

Jnin, f(m) (7.2)

where C is a weakly compact convex set of a Banach space, and f is a differentiable convex
function.

Algorithm 1 Frank-Wolfe

for k=0,...,n do
s* € argmin e f(m"®) + df(mF)(s — m"*)
if df(m"*)(s* — m*) = 0 then m" is a solution. Stop.
else
¥ 35 or 4" € argmin, g(o.1) F(M" + (¥ —m"))
mEL o k(R k)
end if
end for

PP TR DO
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Some comments on the Frank Wolfe algorithm

@ The key advantage of this algorithm is that it is better suited to optimisation over
Banach spaces as it does not rely on any underlying Hilbertian structure (for example,
the proximal gradient decent algorithm involves a proximal term which is often in terms
of the Euclidean distance), and only uses directional derivatives of f.
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Some comments on the Frank Wolfe algorithm

@ The key advantage of this algorithm is that it is better suited to optimisation over
Banach spaces as it does not rely on any underlying Hilbertian structure (for example,
the proximal gradient decent algorithm involves a proximal term which is often in terms
of the Euclidean distance), and only uses directional derivatives of f.

@ Note that given a differentiable convex function,
f() = fly) +df )z —y)

so the stopping criterion does ensure that m* is a global minimiser, since minimality of
s¥ in step 2 implies that for all s € C,

F(s) = F(mP) +df (mF)(s —m") > fF(m*) + df(m*)(s" —m*) = f(m").

@ We remark that in line 6, we can replace m**1 by any element of /m € C such that
f(m) < f(m*+1) without adversely affecting the convergence properties of this
algorithm.
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we are interested in applying Frank-Wolfe to

det. 1
PA() =5 1@ = yll? + A ] (X)
Immediate problems:
@ /) is not differentiable
Q@ M(X) is unbounded.

The following lemma allows us to rewrite minimisation of f) over M(X) into the form (6.2).
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Application of FW to our problem

In our setting, we are interested in recovering m as a measure, and C C M(X). In our case,

we are interested in applying Frank-Wolfe to
def. 1
PA() =5 1@ = yll? + A ] (X)

Immediate problems:
@ /) is not differentiable
Q@ M(X) is unbounded.

The following lemma allows us to rewrite minimisation of fy over M(
Lemma (Denoyelle et al ’18)
L is a minimaser of fi if and only if (Jpsx| (X), ux) minimises

.z der. 1
min ) = = [|Pp — y|| + At
(w)ecfx(u )= S l1op—yll

efl. def. 2
where C < {(t,m) € Ry x M(X); |u| (X) <t < M} and M < HQLI\ .

X) into the form (6.2).

Proof.

Note that if g is a minimiser of fy, then |u«| (X) < %f)\( < 3 2(0) < “y” . Therefore, it
suffices to minimise f) over all measure with |u| (X) < M. It is then easy to check that p«

minimises f if and only if it minimises f.




Convergence of FW

Note that fy is now differentiable over R x M(X) with dfy = (A, ®*(u — y)), so
dfy : (¢, 1) — M +/ O* (Bp — y)dpy'.
x

Moreover, even though C' is not weakly compact, it is compact in the weak+* topology, and
the convergence arguments for Algorithm 1 can be applied to conclude that

Lemma

Let (tk,,uk) be a sequence generated by Algorithm 1 applied to f>\. Then, there exists C > 0
such that for any solution p* of (Px(y)), we have

Faw®) = falps) <

=|Q




Convergence of FW

As a corollary of this lemma, we have the following result, which shows under a
nondegneracy condition, p* increasingly clusters around the support of the solution p*.

Corollary

Suppose that jix = Ha,x = »_; 0i0z; 15 the unique solution to (Px(y)) and %{)* (y — Pps)
nondegenerate and satisfies the conditions of Theorem 2.2. Then,

© |1F (X \U; Be(@i) + iy [, (o |2 — @il d [0*] () < %

@ Suppose ®x s injective. Then, a? det: uF(Be (z5)) satisfies ||a’c — aH2 < %

s
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Convergence of FW

As a corollary of this lemma, we have the following result, which shows under a
nondegneracy condition, p* increasingly clusters around the support of the solution p*.

Corollary

Suppose that jix = Ha,x = »_; 0i0z; 15 the unique solution to (Px(y)) and %{)* (y — Pps) is

nondegenerate and satisﬁes the conditions of Theorem 2.2. Then,
2
O [ (X \U; Be(®d)) + Xim1 S, (o 2 — wil* d[u¥] () < %

k def.

© Suppose ©x is injective. Then, a% "= uP(Be(z;)) satisfies ||a’c —aHz

< 1
~ ok

Step 1, relate to Bregman distance

Let i = fa(u*) — fa(ps). Let F(p) = 2 [|®p — y||* and J(u) = |u] (X). Then,
fx =X (J + F). By convexity of F,

N > J(F) = () + (F/ ("), 1 = ).

Since —F'(pu*) = %‘IJ* (y — @) € 8J(p*), and —F’(p*) is nondegenerate, by Theorem 2.2,

S
A lre > e ‘,uk‘ (X\UBE((EZ)> +CQZ/B ( )|m—mi|2d’uk’ (z)
i i=1 e(xq




Convergence of FW

Step 2, using injectivity of @ x
For the second claim, define

R(v) Z J(v) = J(u*) + (F' ("), v — p*) and T(v) = F(v) — F(u*) — (F'(u*), v — p*).
@ R(v) >0 since —F'(u*) € 8J(p*).
o T(v) >

o A lry = J(uF) + T () = T(uF).

0 by convexity of F.
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Convergence of FW

Step 2, using injectivity of @ x
For the second claim, define

R(v) Z J(v) = J(u*) + (F' ("), v — p*) and T(v) = F(v) — F(u*) — (F'(u*), v — p*).
@ R(v) >0 since —F'(u*) € 8J(p*).
o T(v) >
o A lry = J(uF) + T () = T(uF).

Let a;? = uP(Be(z;)) and let g* = > a?(Smj. If ®x is injective with || ®xal/? > C ||a||?, then

Bk — )| 2 3 . 2
oot oo - o)

> gcgj ot ] = 2 Jear - |,

0 by convexity of F'.

Bl ik e
re > AT(uF) = > < e - )

where we used (a — b)%/2 > 3a2/8 — 3b2/2.




Step 3, bounding deviation of ;¥ from its sparse projection

Finally, note that
2

et — o @ 0+ [ e

2
2 (;/BM 19/ ll o x—xj|d)uk]<x>> +2 k| (7o)
2
2 (;lelm \/|uk|<BE(zj>>/Bs(z]_) |x—xj2d|uk|<x>) + 2|k | (7er)?

<2¢/ o || Emeen) (Z/B( )Iw—wj|2d’uk’(w))+2‘uk‘(?ff‘”)2
e,

SAT ey by A2 co 22,




Comments on lines 2 and 3 of Algorithm 1

@ For step 2: Note that given (t*,u*) € C, s — df)\ (t*, u*) is a linear form, and since C
is convex, it achieves its minimum at an extremal point of C'. These extremal points are
of the form s = (M, £M$,) with x € X.
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Comments on lines 2 and 3 of Algorithm 1

@ For step 2: Note that given (t*,u*) € C, s — df)\(iik7 1*) is a linear form, and since C'
is convex, it achieves its minimum at an extremal point of C'. These extremal points are
of the form s = (M, £MJ,) with x € X. Therefore,

argming e o df(t*, mk(s) = argming ¢ y =M (®* (®p* — ) (@) + AM

of. 1
= argmin, ¢ +n*(x)+1 where n* def. X@*(‘I)uk —y)

S——]
Therefore, for each k, we introduce a new support point z¥, s¥ = (M,oMd,) where
[n* @] = [|n*]| -

@ The halting condition of step 3 implies that u* is a minimiser of (P (y)) and hence, n*
is a dual certificate.



Comments on line 4 of Algorithm 1

If pb = Zf 15 aks k, then the line search in step 4 is

4 1
min(1 =) [a* || +aM + 2 @y - yl?
el 1 2
where py = (177)2] 1 J5 k + M6k

@ Note that since we can replace this step with any (¢, u) which improves the objective
value, it seems sensible to simply perform in step 4

2
min_ {|afl; + ||<I>Xa—y||
ERK+

where X = {x’f, e xﬁ, x’,f} This is a finite dimensional nonsmooth convex
optimisation problem and can be tackled using a variety of algorithms such as Forward
Backward or FISTA.

@ We can further improve the objective value by optimising over the positions as well
[Bredies & Pikkarainnen 13, Boyd et al ’17]

@ More recently, [Denoyelle et al "18] proposed the sliding Frank-Wolfe algorithm, where
step 4 is augmented to optimise over the positions and the amplitudes simultaneously.
This minor modification in fact leads to finite termination.



Algorithm 2 Sliding Frank-Wolfe [Denoyelle et al 18]

1: Initialise with m9 = 0.
2: for k=0,...,n do

k
3: uk = Ef;l af&zf, af e R, a:f € X distinct, find z¥ € X s.t.
1
z¥ € argming ¢ ‘nk(x)) where ¥ XCIJ*(y — duk).
4: if then|77k(x’§)| <1
5: pF is a solution. Stop.
6: else L
k+1
7: a; 2 <+ nf(zk)
1 ko k4L k+L1
8: mhtes = ai+25zk +ai+25z§ s.t.
1 . 1 2
a2 ¢ argmin, o vk 5 H‘war% a— Z/H + Allally
1
where zFtz = (:):’f, s ,x?\;k:l“f).
k
9: mkt+l = Z,f\/:;rl af+15zk+1 s.t.
T

k+1 k+1 :
(a™TH, 2" ) € argmin . ek pnki1

1 2

5 1@za—yllI” + Allally ,
1 1

using a non-convex solver initialised with (a®*2,2%%2).

10: end if

11: end for




Finite termination

Theorem (Denoyelle et al '18)

Let pra,x =Y, aidz; be the unique solution to (Px(y)) and suppose that

= %q)* (y — Puaq,x) is nondegenerate. Then, Algorithm 2 recovers pq, x after a finite

number of steps.

Sketch of proof.

Step 1, nk converges to ny:
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Finite termination

Theorem (Denoyelle et al '18)

Let pq,x =, aidz; be the unique solution to (Px(y)) and suppose that

n\ = %@*(y — ®uq, x) is nondegenerate. Then, Algorithm 2 recovers o x after a finite

number of steps.

Sketch of proof.

Step 1, nk converges to ny:
@ First note that u* converges to Ha,x in the weak-* topology.

@ Since ® is weak-* to weak continuous, we have p* = %(y — <I>uk) converges weakly to

px. Furthermore, p* must be uniformly bounded in .

@ This implies that the functions n® RPN (¢(x), p*) are uniformly bounded and
equicontinuous. So, by Arzela-Ascoli, we can extract a subsequence of n* which
converges to 7 in L°° norm.

This is true also for the first and second derivatives of n¥.




Finite termination

Theorem (Denoyelle et al '18)

Let pq,x =Y, aidz; be the unique solution to (Px(y)) and suppose that

n\ = %@* (y — ®Puq,x) is nondegenerate. Then, Algorithm 2 recovers jiq x after a finite

number of steps.

Sketch of proof.

Step 1, nk converges to ny:
Step 2, n* becomes a valid certificate in finite time:
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Finite termination

Theorem (Denoyelle et al "18)

Let pia,x =Y, aidz; be the unique solution to (Px(y)) and suppose that

n\ = %@*(y — ®uq, x) is nondegenerate. Then, Algorithm 2 recovers i, x after a finite
number of steps.

Sketch of proof.
Step 1, n* converges to 7y :
Step 2, n* becomes a valid certificate in finite time:

@ Now, 7, is nondegenerate implies that there exists a small neighbourhood around each
x; on which nf\’ # 0. Therefore, there exists € > 0 and k1 € N such that for all k > kq,

(m*)"(z) #0 for z € (x; —&,2; +¢€) def I e, and |nF(z)| <1 for all # & U; Iy, c. The
optimality condition of step 8 is

0€ ®%(®za—y)+Mllall, and Vi, (@za—y), ¢'(x;)) = 0.

So, nF = —%‘P*(@zkak — y) satisfies nk(x;“) = sign(a?) and (7*)/(z;) = 0. Hence,
[n*(z)| < 1 except at a*.
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Finite termination

Theorem (Denoyelle et al "18)

Let pg,x =Y ; ai0z; be the unique solution to (Px(y)) and suppose that
n\ = %Cb*(y — ®uq, x) is nondegenerate. Then, Algorithm 2 recovers i, x after a finite
number of steps.

Sketch of proof.

Step 1, n* converges to ny:

Step 2, n* becomes a valid certificate in finite time: O

Remark

@ Step 8 of Algorithm 2 requires solving a nonconvex optimisation problem, however, the
proof utilises only the optimality condition of the optimisation problem and hence,
finite convergence still holds even if we compute a stationary point.

@ Under the nondegeneracy assumption, numerical observations suggest that we in fact
have convergence in s iterations.
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Example 1: nondegenerate case

Measurements: y = ®mg + Aw, where w = &m, m = 212-0:1 ijUj, b is white noise with
standard deviation 10~3.

Let X = {x € R?; ||lz|| < 1}. To model MEG/EEG, p(z) = u+ |z — ul| "2 € H = L?(8X).

nv and py

@ Background image shows 7y

@ Blue for A = 0, Red for A = Amax-



Example 2: Degenerate case

Measurements: y = &mg + Aw, where w = &m, m = 212-021 bjéuj , b is white noise with
standard deviation 1073.

nv and po n® and p(®

Nw,z is not a valid certificate implies support instability.

Dot size proportional to amplitude of corresponding spikes.

Light blue dots indicate the support of m® with very small amplitude.

The additional spikes are required to force n(l) < 1, this is not satisfied by nw,z.

Numerically, no convergence in a finite number of iterations.
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Summary
On conditions for recovery:

@ The extremal points of solutions to the dual problem inform on the support of the
primal solutions.

@ Existence of a nondegenerate dual certificate guarantees exact recovery in the noiseless
setting, and support clustering stability in the noisy setting.

@ For support stability, we look to a special solution of Dg(y), the one of minimal norm
0 = ®*pp. The MNC informs on the support of py for A small.

Analysis of dual certificates:
@ To analyse the MNC, we typically look at the vanishing derivatives precertificate which
has a closed form expression.
@ ny =mno when [|nv |, < 1. In fact, we must have ||y ||, < 1 if we expect support
stability.
@ To guarantee exact recovery of spikes of arbitrary signs, it is necessary that that the
underlying positions satisfy a minimum separation condition.
Numerical algorithms

@ For Fourier type measurements, one can look to SDP type algorithms. However,
convergence for dimensions higher than 2 are not guaranteed. Also computationally
expensive.

@ For more general measurements, we saw that the Frank-Wolfe algorithm can be applied.

@ This is basically OMP where you add a new support point at each iteration, then
locally improve over the recovered amplitudes and positions.

o Simultaneously optimising over the amplitudes and positions leads to substantial
improvements!

http://nbviewer. jupyter.org/github/gpeyre/numerical-tours/blob/master/matlab/
sparsity 8 sparsespikes measures.ipvnb 5
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