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Structure promoting regularisation

GivenA € R™"and y € R™, solve Ax = y.

 m < nisill conditioned setting.

* n < m with noise is typical ML setting
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Structure promoting regularisation

GivenA € R™"and y € R™, solve Ax = y.

 m < nisill conditioned setting.

min ®(x) := R(x) + F(Ax, y) » n < m with noise is typical ML setting
xeR"

\ : ['lcavol']
\\ ' . ['lweight’)
~_Ridge: [[x]l; — f2
T \,\\“‘I‘ e . X 2 e [bph']
; — ['svi'])
: T = ['kp']
['gleason’)
S ——— ('PgQ4a5T])

— [‘age’) -
: T —— ['Ibph’] 5um  Boulanger et,al. 2014]
, L . [‘svi‘] S
- Lasso: |[x]|; — =

['gleason’')

(POg45'] Fluorescence microscopy

—
ye

: S— [:lcovol‘]. .
N Ciweight'] Neural spikes(1D)

— “A




Structure promoting regularisation

[Nonsmooth R promotes structure:

| | Fis loss function: |

© RO =IDxll,

| ”' F(x,y) = EHX | |
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Typical optimisation approach: Proximal-based methods such as Primal-Dual, ADMM, ISTA, ...



Iterative Soft Thresholding
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Iterative Soft Thresholding

| 1
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' Convergence rates (Beck & Teboulle 2009

C |
D(x,) — min O(x) < 7” |




Iterative Soft Thresholding

1
min Gx) = ——[lAx - yII* + [lxll
R’ 21

A 1 A A T
ProxT”,Hl(x) = argmin 2—THZ —xH2 + ||zll4 xk+1 — xk — 7A (Axk T Y)
<
= sign(®)(| | — 1), Xep1 = ProXg (Xeg )

®(x;) — min ®(x) < 7 |

Convergence rates (Beck & Teboulle 2009): | /\ / \
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Columni: A = (exp(27z\/—71xiTa)k)>
k
C, = @(p_d) if [x;] C [0,1]¢ spaced p apart



Iterative Soft Thresholding

| 1
min ®(x) = —[|Ax — yI|2 + [lx]l,
xeR” 2/
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Prox, . (X) = argmin 2—THZ — X" + Izl A+l = AT TA (Axk o Y)
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= sign(®)(| 2| — 7), Xep1 = Proxg (X )

" Grid-free convergence rates (Chizat 2021):

' Convergence rates (Beck & Teboulle 2009
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NB: Result is independent of n



Proximal Mirror descent

Entropy function: Bregman distance:

1 strongly convex and smooth. Dn(a, b) = n(a) —n(b) — (Vn(b),a — b)

. 1
X1 € argmin F(xk) + <VF(Xk),X - Xk> T /IHXHI T ; ”(X, xk)

@ n(x) = EHXHZ corresponds to ISTA with convergence rate O(k~/(4+2))

o 7(x) = yarsinh(x/y) — \/ x? +y* 4y with y > 0 with convergence rate O(k~" log(k)),




Proximal Mirror descent

Entropy function: Mirror distance:

1 strongly convex and smooth. Dn(a, b) = n(a) —n(b) — (Vn(b),a — b)

. |
Xy € argmin F(x) + (VF(x), x — x;) + Allx]l; + _ ,7(36, Xt)

@ n(x) = —||x||* corresponds to ISTA with convergence rate O(k~*/(4+2))

2
@ n(x) = yarsinh(x/y) — \/X >+ y% + y with y > 0 with convergence rate O(k ™! log(k))

One can improve to O(1/k?) rates, however, standard acceleration techniques such as BB step,
Quasi-Newton, etc are non-trivial to apply.

Use of other proximal based methods (e.g. Primal Dual, ADMM) require tuning of several parameters.



This Talk:

New class of algo for nonsmooth structured optimisation

(1) Overparametrize to obtain a smooth and nonconvex
problem.

(2) VarPro: Place into a bilevel form for better problem
conditioning.

(3) Over-parameterization lets us stay in Euclidean geometry with
dimension and grid independent convergence analysis.

(4) Use BFGS to obtain fast convergence behaviour.

[ will focus on the Lasso but our method can be applied in many settings, including total
variation/group ¢/ nuclear norm regularisation and nonsmooth loss functions.



Overparameterization ~ Convergence
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—VarPro k283 |
—Hadamard - k1
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Iterative Reweighted Least Squares

ok 1 x2 1 min ®(x) = —||Ax — y[|= + [|x][,
| The n-trick : x| = inf—— + —p | eR" )
| >0 2 i 2 -

Jointly convex in x and #




Iterative Reweighted Least Squares
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Jointly convex in x and #
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The Hadamard parametrization

1 x* 1 M=X/\/ﬁ

x| =mf ——+ — '
x| “ 2y X > x| = inf u®/2 +v*/2

b — \/ﬁ - Xx=u®v




The Hadamard parametrization

1 x* 1 M=X/\/ﬁ

x| =1nf —— + —p
_—”>02 n ) ﬁ

v= /i

x| = inf u?/2 +v%/2

xX=u@®v

] 1 1 1
min —||Ax — y||* + x| — in —||Au O v — Y||2 + =]u|* + =]
R 21 min —| I+ Sl + vl

Convex and nonsmooth Non-Convex and smooth

One can either do alternating minimisation or gradient descent on u, v



Overparameterization ~ Convergence

—|STA — Mirror
—VarPro k283 |
—Hadamard - k1
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VarPro

VarPro: Instead of min F'(u, v)
U,V

Solve min f(v) — F (u(v) v) with

u(v) € argmin F(u, v)

Uu




VarPro

VarPro: Instead of min F'(u, v)
U,V

Solve min f(v) — F (u(v) v) with

u(v) € argmin F(u, v)

Uu

' Envelope theorem: Vf(v) = 0, F(u(v), v) /

Chain rule: Vf(v) =9 F(u(v),v)+0, F(u(v),v)Vu(v)



VarPro

VarPro: Instead of min F'(u, v)
U,V

u(v) € argmin F(u, v) ‘

Uu

' Envelope theorem: Vf(v) = 0, F(u(v), v) /

Chain rule: Vf(v) =9 F(u(v),v)+0, F(u(v),v)Vu(v)

sz Is the Schur complement of VZF(u, v) and is typically better conditioned



Bilevel formulation

min f(v) ISTA

| 1 1
£(v) := min—||u|? +5uvu2 + —J[Au v —y|>

Gradient descent on varpro




Bilevel formulation

min f(v) ISTA

1 1
£(v) := min—||u||* + —uvu2+—uAu@v—yu2 N

i3 7

i mput/ng the grad/ent' | f

1 |
Vf(v) = v+ 7 —u QA AudOv—y) | Gradient descent on varpro

\u = (Al + diag(v)A "Adiag(v))"'(v © ATy) -

J




Bilevel formulation
min f(v) ISTA

1 1
f(v) := min—||u|)® + —uvu2+—uAu@v—yu2 N

. 2 2 '

i mput/ng the grad/ent' P
Vf(v) =y + 7 —u © AT(Au Ov—y) f.-, Gradient descent on varpro

\u = (Al + diag(v)A "Adiag(v))"'(v © ATy)

Woodbury identity:  Vf(v) =v —v O (X'a)?

(allows A = 0) a = (Adiag(wHAT + A1)y




Bilevel formulation
ISTA

min f(v)

fv) 1= min—lull® + —MZ +iuAu ov -y
u 2 2/1

1 | the gradient:

1

Vf(v) =V + /lu@AT(AuG)v—y)
\u = (Al + diag(v)A "Adiag(v))"'(v © ATy)

Woodbury identity:  Vf(v) =v —v O (X'a)?
(allows 4 = ()) a = (Adiag(v)AT + D)y

| Need to handle |




strict

Mildly non-convex

Definton: v s a strct sadde point if
i Vi) =0 but sz (v) > O does not hold

Lee et al (2017): Gradient descent almost always avoid strict saddles. | W non-strict




Mlldly non-convex L st

Defm/t/onv IS a str/ct saddle pomt /f
i V£(v) = 0 but V*f(v) > 0 does not hold

| Lee et al (2017): Gradient descent almost always avoid strict saddles. | non-strict

1
Primal: x =u(v) ©v Dual: & = IAT(AX ),

x global minimum <=—=> ¢;=si1gn(x) and || <1, I= Supp(X)

Theorem AII statlonary pomts off are elther global minima or strlct saddles )
Vfv)=0implies  Eig(VO)CI1-1& 141

If the solut/on IS nondegenerate | 51 \ < 1 then quasi- Newton methods ach/eve Iocal super-
linear convergence.



Quadratic Variational Forms C onvergence

—|STA — Mirror
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Objective value error

()bservatlon

Solving the Lasso with a discretised

100! :{/SaTr';‘m _EA'Zr/gor Fourier operator (n = 500):
Hadamard | Columni: A = (exp(27r\/ —lik/n)>
/n Q/—"/—"




Objective value error

()bservatlon

— ISTA

—\VarPro
Hadamard

—error )

k-2/3

k-1

Solving the Lasso with a discretised
Fourier operator (n = 500):

Columni: A = (exp(Zﬂ\/ —1ik/n)>

NV

— N\

@ ISTA converges at O(k=%3) while

proximal mirror descent converges at
O(k') as shown by Chizat (2021). |

'® The Hadamard parameterisations



Gradient Descent Convergence

1 1 u,. 1 =u,—7(u, +v,VF(u, ©v,))
G(u,v) = =|[ul]> + =|Iv||*> + F(u © v) el e e R T e
2 2 Vi1 =V, — 1t +u, VE(u, © vy))

o IVF@ = V@)l S Ll =xT,
' © sup ||VF(x)||,, < Kwhere B := G(uy, vy) j

If F(x) = ||Ax — y||* and A has
normalised columns, then




Gradient Descent Convergence

I/tk_l_l — l/tk — T(Mk —+ VkVF(Mk @ Vk))
Vi1 =V, — 1t +u, VE(u, © vy))

T IRTINTE:
G(u,v) =5HMH +5HVH + Fu O v)

. Assume: ‘

" — _ 2
@ IVED) = VIOl < Lyl =l | I tmalised columns, hen
@ sup [[VF()le, < K where B := G(ug, vy) | L, K = O(1)

| Proposition: V G(u, v) is Lipschitz with constant +1,B%, |

2L
min HVG( V-)H2 < T(G(Mo, Vo) — min G(u, v))

Corollary: If v, = x: and ||V G(u,, v,)|| = O(1/k), then ®(u,v,) — P(x:) = O(1/k)




Mirror flow interpretation

Hadamard parametrised gradient flow as 7 — ()

Let x(7) := u(?) © v(?) and 7, be the hyperbolic entropy with parameter y > 0.

d 1
—Vi,(x(0) = = 2V Fx(1) /(1) = ¢ u(0) = vO)|
Wy(x) = yarsinh(x/y) — /x> +y* +y Recall Mirror Descent: 1 1
X1 € argmin F(x) + —(VF(xq), x — x;) + —D,(x, x;)
y small n T

L—’ V(X)) = Vilx) — 7V EQ)
d
— o\ L —V(x(0)) = = VF(x(1) 4__|

If A =0, then y(¢) = y(0) and links to works on implicit regularisation [e.g. VaskevicCius et al 2019]



From Gradient Descent to Quasi-Newton

Observations:
® X, = u, © v, is implicitly optimised in Hyperbolic geometry

@ The parameters u,, v, operate in Euclidean geometry.

Vi — 1B V()
| sz (Vk)] ~1

Robust acceleration tools are available Vi+1
(BB step, Quasi-Newton, BFGS, etc)! B
k

&

Secant condition:

I:— Vi) — V) = V)t — vi) + o(Ivies — vill)
B (Vi) = VWD) = Vi1 —

In practice, L-BFGS + Varpro leads to substantial performance gains over SOTA methods.




Quadratic Variational Forms C onvergence
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When do quadratic variational forms exist?

Group ¢: Given disjoint U, g = {1,...,n} 2p
b2 | x|? x minu? +vP, g = >
2 Vg X=Uy P
lxll 5 = Z Ix, | —mng: 5
|UIIE+ IVII7

| X |, = min
X=UV 2




When do quadratic variational forms exist?

Group ¢: Given disjoint U, § = {1,...,n} x|? « minu? +°, g = 2p
X=UV ’ p+2
[ -
wm-wawm§]§ 5
8 ugvg g 2 2
Ul + ||V
XU = min VIR + VI
X=UV 2

[Black & Rangarajan 1992] [Geman & Reynolds 1992]

Let R : R" — [0,00]. The following are equivalent:

® R(x) = ¢(x*) where ¢ is concave.
2

@M%~f12ﬁ+m>h h(n) = (—$)*(—1/2n)
x—ln2 1) where n(n) = n

neRy &« == H;




- A :
General formulation Assume:
min R(Lx) + F(Ax) R(x) = inf lz LN + h(n)

xe€R" neRy 2 =1,

l

Over-parametrized form: min G(u, v)
U,V

|
G(u,v) = h(v) + min {EHMHZ + F(Ax); Lx =u® v}



- A :
General formulation Assume:
min R(Lx) + F(Ax) R(x) = inf lz LN + h(n)

xeR” neERL 2 ~=i p.

l

Over-parametrized form: min G(u, v)
U,V

Bilevel function.

1
G(l/l, V) — h(V) + min {5”1/!”2 + F(A.X), Lx=uo® V} # f(v) ‘'— Mmin G(u, V).



> A :
General formulation Assume:
min RILY) + FAY) g i 2350 0

xeR” neERL 2 ~=i p.

l

Over-parametrized form: min G(u, v)
U,V

Bilevel function.

1
G(l/l, V) — h(V) + min {5”%”2 + F(AX), Lx=uo® V} # f(v) ‘'— Mmin G(u, V).

/

Dual of inner function:

1
fV)=h(v)+ max ——|vall®* — F*(€) — 1574 a7e0) (@, &)
EER™ aeRP 2




- A :
General formulation Assume:
min R(Lx) + F(Ax) R(x) = inf lz LN + h(n)

xeR” neERL 2 ~=i p.

l

Over-parametrized form: min G(u, v)
U,V

Bilevel function.

1
G(l/l, V) — h(V) + min {5”1/!”2 + F(AX), Lx=uo® V} # f(v) ‘'— Mmin G(u, V).

Dual of inner function:

1
fV)=h(M+ max ——|vall® = F*&) — t;zrg4a7e—0) (@ &)
EeR™ aeRP 2

1.1 o .
Gradient formula: @ If FF € C"", then fis differentiable.

_ p) ® If FF = l{y},fis differentiable at v if Ax = y
Vf(V) - Vh(\/) vty for some x and Supp(v) 2 Supp(Lx)




Nonsmooth Loss functions

min Rl(Dx) + R,(Ax — y)

R(z) = min — Z - (1) with i, smooth
nEIR”

min Aflx[[; + [|Ax — | min A||Dx||; + [|Ax — ylf; min Al X[l 2 + [|AX = Yl

Square root Lasso TV-L1 Multitask learning



Nonsmooth Loss functions

min Rl(Dx) + R,(Ax — y) mm fv,w) = h(v) + h(w) + Pp(v,w)
< = max - ~IWEIR + (&)
R{(z) = min — Z - (1) with h; smooth DTa+ATé=0 2
nEIR”
Gradient formulas: 0,.f = Vh(v)—va* 0 f= Vhy(w) + wé”
NB: inner problem is a quadratic problem
min A|[x[[; + [|Ax — y|| min A[[Dx||; + [|Ax — y||, m)%H/IHXHLz + ||AX = Y|

Square root Lasso TV-L1 Multitask learning



Quadratic Variational Forms C onvergence
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[Golub et al 1999] Molecular classification of cancer LaSSO Leukemia,(m, n) = (33,7129)
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Ndiaye etal 20151 Group Lasso - MEG/EEG

2294 source locations — 7 — 2004 % 181

Group in time, | g| = 181

301 MEG + 59 EEG Sensors =i 111 = 360 X 181
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Optimal Transport
Wi(a.p) = min 3 [ IF@I: divei) = a5

Discretization:

A =0)]

Lasso ( _
Jututeied®. n = |vertices |, d = | edges |
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Multltask learning

min —Z 1Ax =yl + 1]+

_ T
X=(x)_, 24 -
y = exam Scores y = Ssymptoms y = motor
T schools T patients T robot arms
n students d blO medlcal features d joint positions
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IRLS-d implies regularisation 10™¢




A = masking operator lmage inpainting

_ 2
Loss: Z_/IHAX — || D : RIT _, Raxd<2T Dy (Dhy!, Dhx)T

d T
Group TV: R(x) = |[Dx]|, | = Z Z (tht)l-z,j + (D"xt)l.z,j 384 x 512
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Hyperspectralimaging

Group TV image denoising: A =1

Indian Pines dataset

Input: noisy images of dimension d = 145 with T'= 224 spectral bands

Objective value error
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Conclusion

Trade: Nonsmooth Convex <tz==> Smooth Nonconvex

Practice Simple algorithm and operates in Euclidean geometry. Use L-BFGS

™ Handles a wide range of settings, including nonsmooth loss

w RECONditioning via Varpro

Theory » Mild non-convexity.

Hyperbolic geometry better than Euclidean in fine grids setting.



