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measures


• Session 2:  Algorithms


• Session 3: Super resolution and compressed sensing guarantees



Sparse Estimation

Let  and let   where  is a Hilbert space.   


Recover  and  given     

𝒳 ⊆ ℝd ϕ : 𝒳 → ℋ ℋ

aj ∈ ℝ xj ∈ 𝒳 y =
s

∑
j=1

ajϕ(xj)

Recovering point wise sources from low resolution data

y =
s

∑
j=1

aj[exp(2π −1xjk)]k



C0(𝒳) = {f ∈ C(𝒳) : f  has compact support in 𝒳}
∥⋅∥∞

Radon measures
The space of Radon measures  is the dual ofℳ(𝒳)

•For  , define  by 


•For   ,     

f ∈ L1(𝒳) μ ⟨ϕ, μ⟩ = ∫ ϕ(x)f(x)dx

μ = ∑
j

ajδxj
⟨ϕ, μ⟩ = ∑

j

ϕ(xj)aj

View  as linear functional on :μ ∈ ℳ(𝒳) C0(𝒳)



Linear inverse problem

Φμ = ∫𝒳
ϕ(x)dμ(x)

  where ϕ(x) ∈ ℋ ϕ : 𝒳 → ℋ

Observe linear measurements:

NB: Φμa,x =
n

∑
i=1

ai ϕ(xi)

μa,x =
s

∑
i=1

aiδxi
, ai ∈ ℝ, xi ∈ 𝒳

Consider a measure  on μ 𝒳 ⊆ ℝd

 y = Φμ + noise

Define:

Observe:



Signal/image processing

Deconvolution: 





e.g. 

ϕ(x) = ϕ̃( ⋅ − x) ∈ L2(ℝd)

ϕ̃(x) = exp( |x − ⋅ |2 /σ)

Fourier: 


ϕ(x) = (exp(kx −1))k=−fc,…,fc ∈ ℂ2fc+1

Laplace:


ϕ(x) = exp( − ⟨x, ⋅ ⟩) ∈ L2(ℝd
+)



Time series measurements at voxel :


 


Recover the NMR properties





There can be more than 1 tissue type in 
each image voxel (so ).


v

yv = [y1, y2, …, yT]

y =
s

∑
i=1

ai ϕ(θi) = ∫ ϕ(θ)dμa,θ(θ)

n > 1

Quantitative MRI

θ1

θ2

θ3

Time series data Y = (yv)

T1/T2 representing tissue type


 Block response of each tissue

θ =

ϕ(θ) =
 are parameters corresponding to different NMR properties.θ ∈ 𝒳



Mixture models
Position/scale :    (z, σ) = (mean, std) ∈ 𝒳 = ℝd × ℝ+

fa,(z,σ)(t) =
n

∑
i=1

aih( t − zi

σi
)

min
a,z,σ

∥f − fa,(z,σ)∥L2min
μ∈ℳ(𝒳)

∥f − Φμ∥L2

fa,(z,σ) = Φμ = ∫ℝd+1

ϕ(x)dμ(x)

ϕ(z, σ) = h( ⋅ − z
σ ) μ =

n

∑
j=1

ai δ(zi,σi)

Convex Non-Convex

Linear 
operator



Density estimation with sketching

Given samples  iid from from density:
t1, t2, …, tn

ξ̄(t) =
s

∑
j=1

ajξ(xj, t) = ∫ ξ(x, t)dμa,x(x)

[Gribonval et al 2017]


Sketch using functions :   ,  gωk
yk =

1
n

n

∑
j=1

gωk
(tj) k ∈ [m]

yk ≈ ∫ gωk
(t)ξ̄(t)dt = ∫𝒳 ∫ gωk

(t)ξ(x, t)dt

ϕωk
(x)

dμa,x(x)Goal: recover  from 
a, x



Multi-layer perceptron

fa,z,b(t) =
n

∑
i=1

aiρ(⟨zi, t⟩ + bi)

For training data     fit     (ti, yi)i=1,…,N fa,z,b(ti) ≈ yi

min
a,z,b ∑

i

| fa,z,b(ti) − yi |
2

min
μ∈ℳ(𝒳)

∥y − Φμ∥2

[ fa,z,b(ti)]i = Φμ = ∫ℝd

ϕ(x)dμ(x)

ϕ(x) = [ρ(⟨z, ti⟩ + b)]i=1,…,N
μ =

n

∑
i=1

ai δ(zi,bi)

Non-convex

Convex

Linear operator

(zi, bi)

(⟨zi, t⟩ + bi) ∈ ℝn

fa,(z,b)(t) ∈ ℝ



                  μ = ∑
j

ajδxj
∥μ∥TV = ∑

j

|aj |

Total variation

∥μ∥TV = sup { ∫ f(x)dμ(x) : f ∈ C0(𝒳), ∥f∥∞ ≤ 1}

 ,             f ∈ L1(𝒳) dμ(x) = f(x)dx ∥μ∥TV = ∫ | f(x) |dx

 is a Banach space with norm ℳ(𝒳) ∥μ∥TV

The extremal points of  are {μ : ∥μ∥TV ≤ 1} {δx : x ∈ 𝒳}



The Beurling-Lasso
inf

μ∈ℳ(𝒳)
λ∥μ∥TV +

1
2

∥Φμ − y∥2Pλ(y)

[Beurling (1973)]


[De Castro and Fabrice (2012)]


[Candès and Fernandez-Granda (2012)]


[Duval and Peyré (2015).]

Fisher-Jerome (1973):  
If  with  continuous, then there exists a solution to  with 
at most  Diracs.

ϕ(x) ∈ ℝm ϕ Pλ(y)
m

inf
a,x

λ
K

∑
j=1

|aj | +
1
2

∥
K

∑
j=1

ϕ(xj)aj − y∥2 ≥ inf Pλ(y)Relaxation for any :K

The relaxation is tight when K ≥ m

inf
μ∈ℳ(𝒳)

∥μ∥TV s.t. Φμ = y .P0(y)



The Beurling-Lasso
min

μ∈ℳ(𝒳)
λ∥μ∥TV +

1
2

∥Φμ − y∥2

๏ Optimisation is over the space of measures (not just Diracs) with no a-priori 
choice on the number of spikes.


๏ This is a convex problem, with strong recovery guarantees.

๏ Some non-convex problems can be placed into this framework

Pλ(y)

The Lasso: Given , , , to recover a sparse vector y = Xa y ∈ ℝm X ∈ ℝm×n a ∈ ℝn

min
a∈ℝn

1
2λ

∥Xa − y∥2 + ∥a∥1



Questions

๏ When is  an exact solution to 


๏ Are solutions to  stable to noise?

๏ Numerical algorithms in the infinite dimensional space?

๏ Under what conditions do we recover the exact number of spikes?


๏ Compressed sensing — if  is a random operator, how many measurements to 
recover? 

μ0 = ∑
j

ajδxj
(P0(y))?

Pλ(y)

Φ



Optimality conditions

 
    μ
∂Ψ(μ) = {p ∈ U* : ∀ ̂μ, Ψ( ̂μ) ≥ Ψ(μ) + ⟨p, ̂μ − μ⟩}

μ* ∈ argminμF(μ) ∇F(μ*) = 0

But  is not differentiable. Need to consider its sub-differential.∥μ∥TV

Let  be a convex function, its sub-differential is:Ψ : U → ℝ



Optimality conditions

∂∥μa,x∥TV = {f ∈ C(𝒳) : {∥f∥∞ ≤ 1
∀i, f(xi) = sign(ai)}

μa,x = ∑
i

ai δxi f ∈ ∂∥μa,x∥TV

∂∥μ∥TV = {f ∈ C(𝒳) : ∥f∥∞ ≤ 1, ⟨ f, μ⟩ = ∥μ∥TV}Equivalent characterization for :∥μ∥TV

For sparse measures:



Optimality conditions
For convex problem , minimiser iff min

x
F(x) 0 ∈ ∂F(x)

μλ ∈ argmin
μ∈ℳ(𝒳)

λ∥μ∥TV +
1
2

∥Φμ − y∥2

Supp(μλ) ⊂ {x : |ηλ(x) | = 1}

0 ∈ ∂∥μλ∥TV +
1
λ

Φ*(Φμλ − y)

ηλ := −
1
λ

Φ*(Φμλ − y) ∈ ∂∥μλ∥TV
μa,x = ∑

i

ai δxi
η ∈ ∂∥μa,x∥TV

The dual certificate  certifies the support of ηλ μλ



Convex duality

min
μ∈ℳ(𝒳)

∥μ∥TV +
1
2λ

∥Φμ − y∥2 sup
∥Φ*p∥∞≤1

⟨p, y⟩ −
λ
2

∥p∥2 (Dλ(y))Primal: Dual:



Primal : min
μ∈ℳ(𝒳)

∥μ∥TV s . t . Φμ = y

Convex duality
sup

∥Φ*p∥∞≤1
⟨p, y⟩ −

λ
2

∥p∥2 = −
λ
2

∥p − y/λ∥2 +
1
λ

∥y∥2

๏  is the projection onto a convex set. So, it has a unique solution.


๏ If , optimise over finite vector space but with infinite constraints.


๏ There is strong duality. 


๏ When , solutions to  and  exist.

Dλ(y)
ℋ = ℝn

inf Pλ(y) = sup Dλ(y)
λ > 0 Pλ(y) Dλ(y)

Dual:

Dual: sup
∥Φ*p∥∞≤1

⟨p, y⟩

๏ When , only existence of solutions to  is guaranteed (unless  is finite).λ = 0 P0(y) ℋ

The noiseless problem

Projection onto convex set



Φ*pλ ∈ ∂∥μλ∥TV and pλ = −
1
λ

(Φμλ − y)

Convex duality

 solves  and  solves  


 and 

μ0 P0(y) p0 D0(y)

Φ*p0 ∈ ∂∥μ0∥TV Φμ0 = y

 solves  and  solves μλ (Pλ(y)) pλ (Dλ(y))

If    and  , then  means that pλ = argmax Dλ(y) ηλ = Φ*pλ ηλ ∈ ∂∥μλ∥TV
Supp(μλ) ⊂ {x : |ηλ(x) | = 1}

Solutions to  can tell us about the structure of D0(Φμ0) μλ ∈ min Pλ(Φμ0 + w)



Uniqueness
Theorem: 


If  and  and there exists  such that 


Then,  is the unique solution to 

μa,x = ∑
j

ajδxj
y = Φμa,x p

μa,x P0(y)

Proof: by the primal-dual relationships, any solution has support contained in 


So, any two solutions take the form:  and 


We must have  since  and  are linearly independent.

{xi}i

μ = ∑
i

aiδxi
̂μ = ∑

i

̂aiδxi

ai = ̂ai Φ ̂μ = Φμ ϕ(xi)

๏      satisfies  for all  


๏      for all .


๏      are linearly independent. 

η := Φ*p |η(x) | < 1 x ∉ {xi}
η(xi) = sign(ai) i
(ϕ(xi))i



Stability

amplitudes outside neighbourhood of 
true support is small

Cluster around true support

Theorem [Azais De Castro & Gamboa (2015)]


 Suppose we observe    with  . 


In addition to conditions of previous theorem, suppose  satisfies


i)   for all 


ii)  for all 


Then, choosing , any solution  to   satisfies


y = Φμa,x + w ∥w∥ ≤ ϵ
η = Φ*p

|η(x) | ≤ 1 − c2∥x − xi∥2 x ∈ B(xi, r)
|η(x) | < 1 − co x ∉ ∪i B(xi, r)

λ ∼ ϵ/∥p∥ ̂μ Pλ(y)

c0 | ̂μ | (𝒳∖∪iB(xi, r)) + c2 ∑
i

∫B(xi,r)
∥x − xi∥2d | ̂μ | (x) ≲ ϵ∥p∥



Stability

W2
2(∑

j

̂Ajδxj
, | ̂μ | ) ≲ ϵ∥p∥ and max

j
|aj − ̂aj | ≲ ϵ∥p∥

̂Aj = | ̂μ | (B(xj, r)) ̂aj = ̂μ(B(xj, r))

Theorem [Azais De Castro & Gamboa (2015)]


 Suppose we observe    with  . 


In addition to conditions of previous theorem, suppose  satisfies


i)   for all 


ii)  for all 


Then, choosing , any solution  to   satisfies


y = Φμa,x + w ∥w∥ ≤ ϵ
η = Φ*p

|η(x) | ≤ 1 − c2∥x − xi∥2 x ∈ B(xi, r)
|η(x) | < 1 − co x ∉ ∪i B(xi, r)

λ ∼ ϵ/∥p∥ ̂μ Pλ(y)

c0 | ̂μ | (𝒳∖∪iB(xi, r)) + c2 ∑
i

∫B(xi,r)
∥x − xi∥2d | ̂μ | (x) ≲ ϵ∥p∥

If  satisfies (i) and (ii), then we say that it is nondegenerate.η ∈ Im(Φ*)



Candidate for a dual certificate
ηC(x) =

n

∑
i=1

uiK(xi, x) +
n

∑
i=1

vi∂1K(xi, x)

Computed  and check if  for all η |η(x) | < 1 x ∉ {xi} .

Define:


K(x1, x2) = ⟨ϕ(x1), ϕ(x2)⟩

Want: η(xi) = sign(ai) and η′￼(xi) = 0  equations to solve for  
unknowns in .
2n 2n

u, v



Recovery under minimal separation

Candès and Fernandez-Granda (2012):  Let , 


if , then  is non-degenerate. So, we have stable recovery.


ϕ(x) = (exp(2π −1kx)|k|≤ fc

min
i≠j

|xi − xj | ≥
C
fc

ηC

Necessary: If  then cannot be recovered by the Blasso |x1 − x2 | <
1
fc

μ = δx1
− δx2



Recovery under minimal separation

What kind of minimum separation condition to impose for non-translation invariant kernel?

translation-invariant Not translation-invariant



Fisher-Rao distance
Fisher metric:    gx := ∂1∂2K(x, x′￼) = [∇ϕ(x)][∇ϕ(x′￼)]⊤ ∈ ℝd

Fisher-Rao geodesic distance:    dg(x, x′￼) := inf
γ:x→x′￼∫

1

0
⟨gγ(t)γ′￼(t), γ′￼(t)⟩dt

Interpretation:


 embeds  into the sphere in  and
x ↦ ϕ(x) 𝒳 ℋ

dg(x, x′￼) = inf
γ:ϕ(x)→ϕ(x′￼) ∫

1

0
∥γ′￼(t)∥ℋdt



Examples

Gaussian Fourier Laplace

ϕ(x) = (exp(2π −1kx))∥k∥∞≤ fc ϕ(x) ∝ exp( −∥x − ⋅∥2
Σ) ϕ(x) ∝ exp(−x⋅)

dg(x, x′￼) ∝ fc∥x − x′￼∥2

gx = fcIgx = Σ

dg(x, x′￼) = ∥x − x′￼∥Σ
dg(x, x′￼) = ∑

i

| log(xi) − log(x′￼i) |2

gx = diag(1/xi)

Δ = d + log(ds)Δ = log(s) Δ = d s

Poon, Keriven and Peyre (2019): If , then  is nondegenerate.min
i≠j

dg(xi, xj) ≥ Δs,K ηC



Summary

inf
a,x

λ
K

∑
j=1

|aj | +
1
2

∥
K

∑
j=1

ϕ(xj)aj − y∥2min
μ∈ℳ(𝒳)

λ∥μ∥TV +
1
2

∥Φμ − y∥2

Non-convexConvex relaxation

sup
∥Φ*p∥∞≤1

⟨p, y⟩ − λ∥p∥2

- Exact recovery in the noiseless setting


- Stable recovery in the noisy setting.

To assess the recovery of ,


Find  such that


 and  for all 

ma,x

η = Φ*p ∈ C(𝒳)

η(xi) = sign(ai) |η(x) | < 1 x ∉ {xi}

Provided that spikes are 
sufficiently separated:

Dual
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